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This series was originally prepared by Norair under Bureau of 
Aeronautics sponsorship to correlate the new and expanding tech- 


niques of automatic, powered control systems. 


Continuing interest in these manuals, expressed by educational and 


industrial agencies, affirms the need for authoritative documents 


presenting technology of this scientific area. 


In response Norair is offering, with Bureau of Aeronautics permis- 
sion and encouragement, special reprints of the entire series of 


manuals to all interested individuals and agencies. Our objective 


is to contribute to understanding and advancing the state-of-the-art. 


A list of the other volumes in this series, including printing costs, 


may be found on the last page of this manual. 
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IMPORTANT NOTE 


This volume was written by and for engineers and scientists who are concerned with 
the analysis and synthesis of piloted aircraft flight control systems. The Bureau of 
Aeronautics undertook the sponsorship of this project when it become apparent that 
many significant advances were being made in this extremely technical field and that 
the presentation and dissemination of information concerning such advances would 
be of benefit to the Services, to the airframe companies, and to the individuals con- 
cerned. 


A contract for collecting, codifying, and presenting this scattered material was 
awarded to Northrop Aircraft, Inc., and the present basic volume represents the 
the results of these efforts. 


The need for such a volume as this is obvious to those working in the field. It is 
equally apparent that the rapid changes and refinements in the techniques used make 
it essential that new material be added as it becomes available. The best way of 
maintaining and improving the usefulness of this volume is therefore by frequent re- 


_ Visions to keep it as complete and as up-to-date as possible. 


For these reasons, the Bureau of Aeronautics solicits suggestions for revisions and 
additions from those who make use of the volume. In some cases, these suggestions 
might be simply that the wording of a paragraph be changed for clarification; in other 
cases, whole sections outlining new techniques might be submitted. 


Each suggestion will be acknowledged and will receive careful study. For those which 
are approved, revision pages will be prepared and distributed. Each of these will 
contain notations as necessary to give full credit to the person and organization re- 
sponsible. 


This cooperation on the part of the readers of this volume is vital. Suggestions for- 
warded to the Chief, Bureau of Aeronautics, (Attention AE-612), Washington 25, 
D. C., will be most welcome. 


L. M. Chattler 

Head, Actuating & Flight Controls Systems Section 
Airborne Equipment Division 

Bureau of Aeronautics 


PREFACE 


This volume, "Dynamics of the Airframe," has been written under BuAer Contract 
NO as §1-514(c), in order to present to those concerned with the problems of designing 
integrated aircraft controls systems certain basic information regarding aerodynamic 
stability and control. 


The purpose of this volume is to present those elements of aerodynamic stability and 


control that describe the airframe as a dynamic component of a control system. This 
volume is written for the college graduate who has had training in system engineering 
with the intent of providing him with the basic knowledge of rigid body airframe dynam- 
ics that bears directly on aircraft control system design. No attempt has been made 
to give anywhere near complete coverage to the subject of aerodynamic stability and 
control; but r-‘her, the attempt has been to give the system designer enough of the fun- 
damentals so that he may work more closely with skilled aerodynamicists. 


The approach used in this volume has been to describe the transient behavior of the 
airframe through the transfer function. Special attention has been given to the use of 
an analog computer as a design tool and the Bode chart method of presenting results. 
Also included is a detailed discussion of the stability derivatives that enter the transfer 
functions. In these respects, it is hoped that this volume may also be of some value to 
the practicing aerodynamicist. 
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CHAPTER | 
INTRODUCTION 


The airframe is a prime unalterable component of the aircraft control system. The 
control system also contains various mechanical and electrical components and in- 
cludes a humam pilot. The basic purpose of this volume is to construct and to discuss 
a mathematical model, of use to the system designer, of the airframe component of 
the overall system. 


The motion of an airframe in flight is determined by the propulsive forces supplied 
by the power plant, the force of gravity, the inertial characteristics of the airplane 
and aerodynamic forces. To derive the equations of motion of the airframe, it is 
necessary to equate the forces and moments acting on the airframe to the craft re- 
actions, according to Newton's laws. The transfer functions relating to motion of the 
airframe to a given force can then be determined by solving the equations of motion. 
The transfer functions completely describe the transient motion of the airframe within 
the limits of the approximations made during their derivation. The transfer functions 
for various control deflections are derived in Chapter II. 


Chapter III is devoted to an investigation of the characteristic motions of the airframe 
by analysis of the transfer functions, which are expressed as ratios of polynomials 
in the complex variable s. Useful approximations to the time constants, natural fre- 
quencies and dampings contained in these polynomials will be presented, along with a 
comparison of the exact and approximate results. These approximate results will 
then be used to demonstrate the effects of various factors contained in the transfer 
functions on the characteristic motions of the airframe. The effect of the flight con- 
dition of the airframe on motions caused by control surface deflections will be in- 
vestigated by analyzing results of solutions of the equations of motion from an analog 
computer. 


Chapter IV presents a detailed discussion of the aerodynamic coefficients which are 
included in the transfer functions. These coefficients are analyzed in relation to the 
various factors that must be considered in their determination. 


Methods of obtaining numerical values for the aerodynamic coefficients are discussed 
in Chapter V. 


Chapter I 
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CHAPTER II 
DERIVATION OF THE AIRFRAME TRANSFER FUNCTIONS 


SECTION 1 - INTRODUCTION 


In this chapter, the transfer functions relating airframe 
motion to control deflection are derived. The controls 
considered are elevator, ailerons, rudder, throttle, 
flaps, and dive brakes. 


The equations of motion of an airframe are written by 
_ equating the forces and moments acting on the airframe 
to the craft reactions, in accordance with Newton's 
laws. It-is shown that a set of Eulerian axes may be 
used advantageously as a frame of reference for writing 
such equatiess;..and the properties of this axis system 
are then diseussed. The theory of small perturbations 
is introduced into the derivation to arrive at linear equa- 


tions, and the restrictions that must he imposed on 
these equations to.permit consideration of the so-called 
longitudinal motions of the airframe independently of 
the lateral motions are described. 


Laplace transforms and determinants are used to solve 
the equations of motion for the transfer functions. 
Throughout the derivation of these transfer functions , 
assumptions are made that partially restrict the range 
of validity of these transfer functions. The assumptions 
are discussed when introduced and are restated at the 
end of the chapter. 


SECTION 2 — EQUATIONS OF MOTION OF AN AIRFRAME WITH RESPECT TO AXES FIXED IN SPACE 


In this section, the equations of motion of an airframe 
are derived according to Newton's laws, that is, with 
reference to axes fixed in space. 


ASSUMPTION I. The airframe is assumed to be a 
rigid body. 


A rigid body is defined as one in which the distances 
between any specified points in the body are invariant. 
This assumption eliminates consideration of forces act- 
ing between individual elements of mass, and it allows 
the airframe motion to be described completely by a 
-translation of the center of gravity and by a rotation 
about this point. 


The derivation of the equations of motion incorporates this 
assumption, and later some of the effects of aeroelastic 
deflection are discussed. (An example of aeroelastic 
rR ae is wing bending caused by the aerodynamic 
oads. 


Since all motion is relative, a suitable frame of ref- 
erence describing airframe motion must be selected; 
to meet this requirement, the following assumption is 
made: 


ASSUMPTION Il. The earth is assumed to be fixed in 


space, and, unless specifically stated otherwise, the 
earth's a e is assumed to be fixed with respect 
lo the earth. 


This assumption provides the needed frame of reference 
without imposing any practical limitations on the equa- 
tions to be derived. 


Consider the motion of an airplane referred to a right- 
hand system of Cartesian axes fixed in space. The air- 
plane has a mass no, a linear velocity V, and an angular 
velocity a. The component quantities related to these 
inertial axes are illustrated in Figure lI-1 and tabulated 
in Table II-1. 
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Figure II-1 4 Fe 
Motion of An Airplane < 


Referred to Inertial Axes 

Newton's second law of motion states that the rate of 
change of momentum of a body is proportional to the 
force applied to the body and that the rate of change 
of the moment of momentum is proportional to the torque 
applied to the body. (H-1)and (11-2) are mathematical 
statements of this law: 


II-1 
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where 2F,, 2F,, and F, are the summations of the 
components of applied force parallel to the x, y, and z 
axes respectively; where 2L,2M, and=N are the sum- 
mations of the components of the applied moment about 
the x, y, and z axes respectively; and where h,, h,, 
and h, are the components of the moment of momentum 
about ‘the xX, y, and z axes respectively. 


of Moments 
About 


airplane after all fuel is expended, but the time rate of 
change of mass due to fuel consumption is relatively 
small and may be safely neglected for the periods of 
time required for most analyses. (The effect of firing 
ammunition and dropping external stores is considered 
in Section 4 of Chapter IV.) 


Many of the following pages are devoted to an expansion 
of equations (II-2) by investigating the dynamics of an 
infinitesimal element of mass da of the airplane shown 
in Figure II-1. 


Figure II-2 shows the components of linear velocity of 
dm due to angular velocity @. The accuracy of this re- 
presentation can be verified by multiplying the proper 
components of angular velocity and displacement ac- 
cording to the right-hand rule for vector quantities. 


The components of the moment of momentum are cal- 
culated by summing the moments of these velocity 
vectors about each axis and multiplying by the mass da. 


Displace- 
ments 





Table II-1 Notation 


To allow the mass of the airplane to be written outside 
the differentiation sign in (II-1), another assumption 
is made: 


ASSUMPTION III. The mass of the airplane is assumed 

to remain constant for the duration E any particular 
ynaiaic analysis. 

Actually, there is considerable difference in mass be- 

twecn an airplane carrying a full fuel load and the same 


se@maondanee = 





—--- 
— ——— - 


For example: 
dh, = y(yP)dm + 2(2P)dm - 2(xR)dm - y(xQ)dm 
The set of equations obtained in this way consists of: 
(II-3) dh, = (y2+ z?) P dm- 2xR dm - yx Q dm 
dh, = (z* + x2) Qdm ~ xyP dm- yzR dm 
dh, = (x2+ y?)Rdm- zxP dm- zyQdm 


——s eee eames 
—ee «eee 80 eee 
~~ eee 
=a eee 


Figure If-2 Linear Velosity Components of an Element of H#ass Due to an Anpular 
Velocity @ Having Components P, Q, and R 





For a finite mass, the components of the moment of 
momentum are the integrals of (II-3) over the entire 
mass: 


h, = PJ (y? + z2)dm - Q/xy dm-R/xz dm 
h, = Q/(z2 + x2)dm- Rlyzdm-PSyx dm 
hy = R{(x?+ y?)dm - Pfzx dm-Qfzy dm 


(1I-4) 


The integral /(y? + z*)dm {gs defined as the moment of 
of inertia, 1,, of the entire mass of the airplane about 
the x-axis. Similarly, the integral /xyd™ is defined 
as the product of inertia, I,,. The remaining integrals 
in (II-4) are similarly defined and the equations may be 
rewritten as: 
(11-5) bh," PL,-Qh,-Rh, 
bhy-QLh,-RE,-PL, 
h,"RE,-PL,- Qh, 
where I, = 4,, from the form of the integrals. 
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The derivative 2) may be found by differentiating each 


of (II-5) with respect. to time. When these rates of .- 
change of moment of momentum of an aircraft are sub- 
stituted in (II-2), the equations of motion relative to 
inertial axes become: 


| ag aU 
(II-6) naar C3 
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Foeo << 
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SECTION 3 — EQUATIONS OF MOTION WITH RESPECT TO EULERIAN AXES 


The equations of motion written with respect to fixed 
axes, (II-6), coudd be used to describe the motion of an 
airplane as a function of time, but there are reasons why 
it is expedient for this purpose to use an Eulerian axis 
system. In this section, the nature of Eulerian axes 
and the reasons for their use are discussed, and the 
equations of motion of an airframe are expressed in 
terms of quantities measured relative to these axes. 


Consider an airplane flying with an absolute linear veloc- 
ity, V,, and an angular velocity, =, about its center 
of gravity. At every instant, another right-hand system 
of orthogonal coordinate axes(x,,y,,Z,,),: fixed in space, 
and originating at the center of gravity, can be super- 
imposed on the airframe. At each instant, the orienta- 
tion of these axes relative to the airframe is the same. 
With respect to this axis system, the airframe has linear 


and angular velocities and accelerations but no displace- 


ments. Figure II-3 shows the airframe with super- 
imposed axes at three different instants along its flight 
path. It may be noticed that the velocity vector is not 
necessarily aligned with any particular axis. 


V1 
2) 
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Airplane 


Suppose three instruments which read absolute linear 
velocity are mounted in the airframe at the center of 
gravity. If these instruments are aligned with the three 
axes, X,, Y,, %,, they resolve the absolute linear 
velocity, V,, into its three components along these axes . 
According to the notation in Table II-1, these component 
velocities are U,, V,, and W,, alongthe x, y, and z, 
axes respectively. , 


At any instant during the flight of the airplane, these 
instruments measure the linear velocity of the airplane 
relative to fixed:space. However, because these in- 
struments and their axes are fixed to the airframe, they 
have the same instantaneous angular velocity as the air- 
plane, a factor which must be taken into account when 
writing the expression for the absolute acceleration of: 
the airplane in terms of the velocity measured by these 
instruments. For instance, suppose an airplane is fly- 
ing at constant speed with a constant angular velocity . 
These conditions are met when an airplane flies ina 
circular flight path as in Figure I-4. 
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Figure II-3 Motion of Airplane with Super imposed’ Axes 
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Figure II-4 Airplane in Flight with Constant Speed and Constant Angular Velocity 


It may be seen from this figure that the velocity vector 
measured by the instruments is invariant relative to the 
X,, ¥,, and z, axes. 


However, the airplane is in accelerated flight because of 
its circular flight path and must therefore have acen- 
tripetal acceleration. For the conditions shown in Figure 
II-4, this centripetal acceleration is the only acceleration 
of the airplane, and it can be expressed as the vector 
cross product of the angular velocity » and the linear 
velocity V,: 
(-7) 


@*ox T 


where the instantaneous linear velocity, V;, is measured 
relative to the x,, y,, and Z, axes. 


An airplane flying with varying linear velocity and zero 
angular velocity corresponds to an airplane flying along 
a straight flight path with varying speed as in Figure 
Ii-5. 


Airplane 
Flight 





where V, is again measured relative to x,, ¥,, andz, 
axes. 


For an airplane having both an angular velocity and a 
varying linear velocity measured with respect to axes 
such as X,, ¥,, 3,, the expression for the absolute 
acceleration (i.e., the acceleration measured relative to 
inertial axes) can be determined by combining (II-7) and 
(II-8) to form the equation: 

(1-9) ane gt taxes 

An expression for the rate of change of the moment of 
momentum in terms of quantities measured relative to the 
x,» ¥,, and z, axes can be determined in a similar way. 

Suppose three rate gyroscopes are mounted in the air- 

plane at the center of gravity so that they are aligned 
with the x,, %, and z, axes. These gyroscopes then 

measure the three components of the instantaneous an- 

gular velocity of the airplane relative to fixed space. 

By using the notation in Table II-1 again, these com- 


ponent velocities are called P,, Q,, and R, about the . 
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Figure II-5 Airplane in Flight with Varying Forward Velocity 
and Zero Angular Velocity 


The forward velocity vector measured relative to the  *,, 
y,, andZ, axes varies with time. The airplane is thus 
in accelerated flight, and this acceleration is equal to 
the rate of change of the velocity as expressed in the 
equation: 


(11-8) ~e aa 


ct 


1-4 


X,, ¥,, and z, axes respectively. Since these velocities 
are the instantaneous absolute angular velocities of the 
airplane, the expressions for the components of the 
moment of momentum derived in Section I-1 and written 
in (II-5) are applicable to the x,, y,, and s, axes. 


Equations (II-5) are rewritten below in terms of quan- 
tities referred to the x,, y,, andz, axes. 








| 





ba al 


(11-10) h, °P,I,,°- Q,I,,-R, I, 
hy °Q,I,,-R I,,-P,I,, 
bye RyIyg- Pils" QI yg 
—— the total moment of momentum h is defined as 


th, + jh, +kh, and where i, j, and K are unit vectors 
along the x, y,, and 2, axes respectively. 
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Each of these instantaneous axis systems along the flight 
path, such as %;, ¥,, and 2; in the discussion above, is 
called an Eulerian axis system. Thus an Eulerian axis 
system is a right-hand system of orthogonal coordinate 
axes which has its origin at the center of gravity of the 
airplane and its orientation fixed with respect to the air- 
plane. Velocities of the airplane measured relative to 
these axes are absolute velocities, since, at any instant, 

the Eulerian axes are considered to be 'tixe d in space. 





Figure II-6 Airplane Before and After Being Accelerated 


Equations (I-10) show relations between the components 
of the moment of momentum and the components of the 
instantaneous angular velocity. Since the instruments 
measuring these angular velocities are aligned with the 
X,, ¥,;, and z, axes and have the same instantaneous 
angular velocity as the airplane, the moment of mo- 
mentum vector, h , has the same angular velocity with 
respect to the x,, y,, and Z, axes. This is exactly 
parallel to that for the linear velocity vector. Again, 
the absolute rate of change of the moment of momentum 
ceive to inertial axes) is composed of two terms, as 
(I-11) 


s+ 


dh... dh oe 
dt dt 


The term $2 on the right side of (1-11) arises trom 


the fact that the moment of momentum is changing in- 
stantaneously relative to thex,,¥,, 2, axes, and the 
term w xh arises from the fact that thex,,y¥,, 2, axes 
have an instantaneous angular velocity, z , with respect 
tothex,y,z axes. 





Component Velocities of Airplane Shown in Figure I1-6 
Figure II-7 


One reason why Eulerian axes are particularly useful 
in the study of airframe dynamics is that velocities 
measured with respect to these axes are the same as 
the velocities that would be measured by instruments 
mounted in the airplane. This point, demonstrated in 
the discussion above, has been very valuable in airframe 
controller design. Another reason is that moments and 
products of inertia measured relative to Eulerian axes 
are independent of time in view of Assumption III be- 
cause these axes do not move with respect to the air- 
frame. The moments and products of inertia are, how- 
ever, functions of the weight loading of the airframe and 
the orientation of the axes with respect to the airframe . 
(This point is discussed in a later section. ) 


A simple two dimensional example which is helpful in 
the intuitive understanding of (II-9) and (II-11) is pre- 
sented next, and the equations of motion referred to 
Eulerian axes are then expanded in terms of the com- 
ponent velocities. 


Figure II-68 shows the plan view of an airplane at two 
points along its flight path. The drawing at the left rep- 
resents the airplane in an unaccelerated flight condition 
and the drawing at the right represents the same air- 
plane some time after it has passed through rough air 
which has caused it to accelerate. The Eulerian axes 
at the two instants pictured are represented by x, y and 
x’, y’. At the first instant, the velocity components 
of the airplane are U and V along the x and y axes re- 
spectively; a small increment of time, 5t, later, when 
the airplane has rotated through an angle 5y, the linear 
velocity components are U+5U and V+éV with respect to 
the x‘, y’ axes (see Figure II-7). 








When the acceleration is writfen as the time rate of 
change of the velocity, the components of acceleration 
with respect to the original x, y axes become: 


(11-12) a, - Lim U + 8U)cos 
8 t-"0 


- (V+ 5V)sind w-U 
§ t 
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By considering 5y to be a small angle, by setting 
sindpy-5y and cos8y¥=1, and by neglecting products of 
deltas, the x component of acceleration becomes: 

5U - V8 dU_ ya 
(11-13) ae aT: e ‘dt v oe 
The rate of change of ¥ is an angular velocity about the 
z axis. Table II-1 shows that + is equal to R. Making 


this substitution in (I-13) yields: 


(11-14) — au - VR 
Similarly, 

| dv 
(11-15) ay = a" UR 


In this restricted two dimensional example, P and Q,. 
the angular velocity components about the x and y axes 
respectively, and ¥, the component of linear velocity 
along the Z axis, were purposely selected to be zero. 
Thus, the total angular velocity a is equal to R, and the 
total linear velocity V,is the vector sum of the two com- 
ponents of linear velocity along the x and y axes. By 
using the relationships: 


(II- 16) oeR 
and 
(11-17) V,-U+V 


and by keeping in mind the rules for vector cross mul- 
tiplication, the results of (II-14) and (I-15) can be com- 
bined into the single equation: 


dV, 
(11-18) Babs? at ti x Ve 


Equations (II-18) and (II-9) are then identical. 


In the actual case of three dimensions, (11-9) applies . 

Recalling that the components of the linear velocity V, 
are defined asU, V, and W, and that the 2 components 
of the angular velocity a ® are defined as P,Q, andR 

along and about the x, y, and z axes respectively, 
(11-9) may be expanded as the cross product of two 
vectors. 


(11-19) 








(11-20) GeV, =i (QW- RV) + (RU - PW) + k(PV - QU) 


By substituting the results of (II-20) into (II-7), the 
components of acceleration can then be written as: 


a, = 0+ QW-RV 
a, V+RU- PW 
a,= W+ PV- QU 


(II-21) 


Equation (II-11) is repeated for reference: 


(11-22) dbaps dhicyh 
dt dt 


This expression can be written in component form as: 














I-23 

(I-23) dh,| OF 56k 
dt |... dt 
dh dh 
ay <eLenpeh 
dtl. at se Ma 
dh, dh 
eel ee -h 
dt jan, at ov M8 





Substituting (II-10) into (II-23) and performing the in- 
dicated differentiations yield (II-24). It should be noted 
that since the moments and products of inertia measured 
with respect to Eulerian axes are constant, (11-24) do 
not contain the terms similar to I,, and I,, which 
appeared in (II-8): 








(I-24) : 
oa - PI, - U,,- RI, *¢ R (1g,- Tyy) 
ebs 
- PQI,, ~ Q71,, *R°I,,* PRI,y 
al ° QI,, - RI, ,- PI,, + PR(T,, - Tex) 
: = QRI,, -R71,,+P7,, + PQl,, 
dh ; ; 
fat lee = RI, - PIL, - Qg, + PQ(I,, - 1.) 
- PRI,,- P71,,+Q7I,,* Wl,, 


In the discussion up to this point, the orientation of the 
of the Eulerian axes with respect to the airframe has 
been arbitrary, and (II-24) are in general form. There 
are several factors which influence the orientation 
chosen for the Eulerian axes, but these factors are 
discussed, for the most part, in a later section. 


Because the geometry of the airframe is conventional, 
a simplification of (II-24) can be made immediately by 
choosing a particular orientation of the y axis, but be- 
fore considering an axis system oriented as the one in 
Figure II-8, another assumption is made: 


ASSUMPTION IV. The xz plane is assumed to be a 


plane of symmetry. 
Assumption IV is a very good approximation for most 


airplanes, and in the light of this assumption, it can be 
seen from Figure II-8 that there is both a positive and 


a negative value of y for each value of z; consequently , 


Ij," fyzdm =0, and similarly, 11, * Say de = 0. 


The expanded form of the equations of motion of an air- 
frame referred to Eulerian axes can then be written as: 


Ce eee oa 


rm I el 


Plane of Symmetry 


Airplane C.G. 


x 
Figure II-8 Airframe Plane of Symmetry 
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(11-25) 


=F, = a(U + QW- RV) 

=P, = m[V+ RU- PW) 

=F, = m(W+ PV- QU) 

ZL = PI,, -RI,, + R(1,, - Lyy) - PQl,, 
2M = Ql, + PR(I,, - I,,) - R71, ‘ elas 


ZN = RIL, -PI,, + PQ(1,,-1,,) + QI, 


SECTION 4 - EXPANSION OF APPLIED FORCES AND MOMENTS 


The left sides of (11-25) are the summations of the ex- 
ternal forces and moments applied to the airplane in 
flight. The external forces can be classified as gravity 
forces, aerodynamic forces, and thrust forces. Before 
describing these forces, some explanation of how they 
are included in the equations of motion is given. 


Equilibrium flight is defined as unaccelerated flight , 

that is, flight along a straight flight path during which the 
linear velocity vector measured relative to fixed space is 
invariant and the angular velocity is zero. For the pur- 
poses of the following discussion, a condition called 
steady ent is defined as flight during which vectors 
measured with respect to Eulerian axes are invariant. 
According to this definition, equilibrium flight and flight 
with constant angular velocity are also steady flight. 


Thus, flight at a constant rate of turn could be classified 
as steady flight. 


The disturbed motion of an airplane at any instant can 
always be considered the result of disturbing the air- 
plane from some steady flight condition. .This motion 
may be referred to as disturbed flight and the Eulerian 
axes under these conditions are referred to as disturbed 
axes. The forces acting on an airplane during disturbed 
flight can consequently be considered equal to the sum of 
the forces acting during the steady flight condition and 
the increments of force caused by the disturbance. As 
shown later, writing the forces according to this con- 
vention permits a simplification of the resulting equation 
of motion. 


SECTION 5 = EXPANSION OF THE GRAVITY FORCE 


The gravity force can be considered to act at the center 
of gravity of the airplane, but since the origin of the 
Eulerian axes system is also located at the center of 
gravity, this force makes no contribution to the sum- 
mation of external moments. However, it will con- 
tribute components to the summation of external forces . 


To find the expressions for the components of gravity 
forces to be used in the equations of motion for an air- 
plane disturbed from some steady flight condition, a 


-- ¥Y sin y y 
X sin y . 
Ry X cos y ¥ 
y . y 
(aa 


Z 21 


general direction cosine matrix is derived which can be 
used to express the vectors in any Eulerian axis system 
as vectors in another Eulerian axis system displaced 
from the first by the Eulerian angles ¥, 9, and 4. 


Eulerian angles are defined as those angles through 
which one axis system must be rotated to superimpose 
it upon another having an initial angular displacement 
from the first. In the following pages, these angles are 
defined more completely by rotating an axis system 


J1 





Figure II-9 
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through each of the Eulerian angles in the derivation of 
the general direction cosine matrix which follows. The 
order of rotation and the axes about which these rotations 
are made are shown. This order of rotation is important 
because all subsequent rotations must have the same 
eats if the indicated operations are to give correct 
results. 


Figure II-9 shows a vector in the x, y, z axis system 
with components X, Y, Z. The x and y axes are rotated 
in accordance with the right-hand rule through a positive 
angle, ¥, about the z axis into the position of the X,, 
¥y,, 2, axes. The components of the vector along these 
axes are: 


(II-26) cos ye¥ sin wy 


X,°X 
Y¥, *¥ cos ¥- X sin y 
Z,°Z 


ye (I-29) 


Finally, as shown in Figure I-11, the y, and 2, axes 
are rotated through a positive angle, ¢, about the 2, 
axis into the position of the x,, Y;, Z,; axes. The com- 
ponents of the vector is this new system are: 


X,°X, 
Y¥,- Y, cos¢ + Z, sing 


(1-28) 


Substituting (II-26) and (II-27) into (II-28) yields the 
following equations: 


X,-X cos 6 cos w+¥ cos 6 sin y-Z sin 2 
Y, = X(cos y sin 6 sin ¢- sin } cos ¢} 

+ ¥(cos w cos ¢+ sin w sin 6 sin ¢) 

+ Z(cos 6 sin ¢) 
Z, = X(cos y sin 6 cos ¢+ sin » sin ¢) 

+ ¥(sin y sin @ cos ¢- cos y sin ¢) 

+ Z(cos 8 cos ¢) 





In Figure I-10, the x,, and 2, axes are rotated through 
a positive angle, 6, about the y, axis into the position 
of the x, %, Z, axes. The components of the vector 
in the new system are: 


(11-27) X,°X, cos 6-2, sin 0 
¥°Y, 


Z,° 2, cos 6+X, sin 6 





Xg & X3 


This set of equations may be conveniently written in the 
following matrix form: 


General Direction Cosine Matrix 


Iaitial Pinal 
Gysten Bysten 


x1 1% 
eh Xs 


% 


(II-30) 


-sin§ 
cos 6 sing 


cos 0 cosy cos @ sin 


coswsin@Osingd coswWcosp 


-sinyccad + sin sind sing . 
vA 


cosysinOcosd sinysinOcosd cosdcosd 
esiny sind 


- cosy sind 


Figure II-11 


age 5 Rca ce A A, A, wee || 


aka Re 


A 


we OE a, ee 


The components of gravity acting along the axes of a 
disturbed airframe are now determined in terms of the 
gravity components acting along the steady flight axes 
(initial axes) and the Eulerian angles. 


The components of force due to gravity acting on an air- 
plane which is in steady flight and which has initial 
angles 4, and ¢, with respect to the gravity vector can be 
found from Figure II-12 by direct resolution of the 
gravity force along the x,, y,, and z, (steady flight) 
axes. 


Equilibrium Axes = Eulerian Axes es 





W cos 6, COS g, wo 0 
>) ; 
ah Z (Vertical) 


W cos 6, Sin ¢, 


Figure II-12 


(11-31) X, = -W sin 6, 


Y,° Wocos 6, sin ¢, 


Z," Wcos 6, cos ¢, 


The components of gravity acting along the disturbed 
Eulerian axes can then be determined by substituting 
(II-31) into (IT-29): 


(11-32) 
X,= (-W sin 6,)cos 6 cosy +(W cos @sing)cos 6 siny 


-(W cos 4cos @)sin 6 

Y¥,= (-W sin 6 Xcosysin 6 sing -sinycos ¢) 
+(W cos &sin¢,) (cosy cos @ +siny sind sin¢ ) 
+(W cos &cos¢ ) (cos @ sin ¢) 

Z,° (-W sing) (cosy sind cos¢ esiny sin ¢) 
+(W cos 4 sing) (siny sin 6 cos¢ -cosy sin 4) 
+(W cos @ cos ?, ) (cos 8 cos ¢) 


The left sides of the first three equations of (II-25) are 
the summations of the aerodynamic, thrust, and gravity 
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forces applied to the airplane at any instant during flight. 
Each of these summations may be rewritten as: 


(II-33) ZF, ° Fi + f, (Gravity) 
PY iF) + f, (Gravity) 


2F,° 2FL+ f, (Gravity) 


The primed quantities in (1-33) are the summations of 
the aerodynamic and thrust forces; the gravity force 


. enters the equations explicitly as f (Gravity); and the 


subscripts denote the axis along which the component of 
the gravity force is acting. Equations (I-32) express the 
components of gravity acting along the Eulerian axes at 
any instant as X,, Y;, and Zs. It should be noted that if 
the instant under consideration occurs during the steady 
flight condition, then 9=¢=y+0, and the components 
X,, Y,;, and Z, reduce to (II-31). (I-33) can now be 
written as: 


(11-34) <PF,* LFL+X, 

z F,= 2 Fy +Y, 

ZF,« 2F,+Z, 

The force relations from (I-25), with the gravity terms 
transposed to the right side, are rewritten as: 


(11-35) x EP - m(U+ QW~ RV] - Xs 
=F} =m(V+RU- PW) -Y, 
FL em(W+ PV- QU) -Z, 


By substituting (I-32) in (11-35), the equations of (II-25) 
may be written in the form: 


(11-36) 


=F! am(U + QW-RV]+(W-sin @)cos 6 cosy 
-(W cos 6.sing)cos 6 siny +(W cos 6, cos @)sin 0 


2 F! =m[V+RU-PW] +(W sing) (cosy sino sing -siny cos 4) 
-(W cos @sing) (cosy cos¢+siny sind sin ¢) 
-(W cos cos @) (cos 6 sin ¢) 


z= P! om[W+PV-QU] +(W sing) (cosy sin 6cos¢ +siny sin ¢) 
-(W cos 4 sing) (sin y sin @ cos¢ -cosy sin ¢) 


-(W cos cos@) (cos 8 cos¢ ) 


IL=PI,,-RI,, + R(I,, -Iyy) - PQl,, 

EM= QI, +PR(1,, ~Igg) - R715 + P7ly, 

ZN= RI,, , PIs +PQ(Iy,- T,,) + QRI,. 

These equations are now complete except for the ex- 
ternal forces and moments on the left side which will 


include aerodynamic and thrust forces as well as mo- 
ments due to control surface deflection. 
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SECTION 6 - RELATION BETWEEN THE RATES OF CHANGE OF THE EULERIAN ANGLES AND THE 
INSTANTANEOUS ANGULAR VELOCITIES 


Equations (II-36) are to be linearized before they are 
expanded to include the aerodynamic and thrust forces . 
But first, the relatian between the rates of change of 
the Eulerian angles and the instantaneous angular veloci- 
ties is derived. 


Consider an airplane with axes in the instantaneous posi- _ 


tion of the %, Y;, 2 axes displaced from the steady 
flight axes by the Eulerian angles ¥, 9, and ¢ The 
instantaneous angular velocities are P, Q@, and R, and 
the vectors representing these angular velocities 
are directed along the x,, ¥,, and z, axes respectively. 
In the derivation of the general direction cosine matrix, 
(II-30), it was shown that the Eulerian angle y was a 
rotation about the z axis (see Figure II-9) and that the 
Eulerian angles 9 and ¢ were rotations about the y, and 
xX, axes respectively (see Figures II-10 and I-11). The 
rates of change of these Eulerian angles can be repre- 
sented as vectors pointed along the axes about which the 
individual rotations take place. Thus ¢, 6, and ¢are 
represented as vectors along the z, y,, and x, axes,re- 
spectively. Figure I-13 shows. a composite picture 
of the axes with the vectors representing both the rates 
of change of the Eulerian angles and the instantaneous 
angular velocities. It can be seen that the vectors , 


d, and ¢ are not orthogonal. 


The positions of the vectors in Figure II-13 can be 
checked by performing the actual rotations. The follow- 
ing relations can be obtained by direct resolution: 


Ped-y sin @ 
Q-6 cos $+ sin¢gcos 0 
R=¥ cos¢cos6- 6 sin d 


The rates of change of the Eulerian angles can be most 
easily expressed as functions of the instantaneous an- 
gular velocities by solving (1-37) with the aid of deter- 
minants. This procedure yields the following results: 


(1-37) 


$=P+Q tan 6 sings R tandcos ¢ 
6=Q cos ¢-R sin d 


J (22+) ia 
“Rf =} + Qtcose 


These relations are presented here for two reasons. 
First, they are needed to evaluate the approximations 
made when the equations are linearized, and second, 
they are potentially useful in the solution of trajectory 
problems. 


(11-38) 





SECTION 7 ~— LINEARIZATION OF THE EQUATIONS OF MOTION 


Equations (II-36) equate the aerodynamic and thrust 
forces acting on an airplane to the gravity forces and to 
the resulting inertia forces. These equations are non- 
linear since they contain products of the dependent 
variables and also because the dependent variables 
appear as transcendental functions. 


In Section II-4 it was stated that airframe motion could 
always be considered the result of disturbing the air- 
frame from some steady flight condition. Accordingly , 
each of the total instantaneous velocity components 
of the airframe can be written as the sum of a velocity 
component during the steady flight condition and a change 
in velocity caused by the disturbance: - 

(1-39) Ue Uj +u 
Ve Vtv 
W= Wit 
P= P,+p 
Q=Q,+4q 
R=«R,+r 


The zero subscripts in (II-39) indicate the steady flight 
velocities, and the lower case letters represent the 
changes in the velocities (disturbance velocities). 

substituting (11-39) in (II-36) and by considering that 


I-10 


dU, dB 


—°. —*2: 0, etc., 
dt 

(11-40) 

ZF, = m(ue QW + a+ Qi we wa 


“RV, -R,V-Vor- vr 

+(g sin 4)cos 6 cos -(g cos 9, sin $,)cos 0 siny 
¢(g cos cos@)sin 6) 

m(v +U,R,¢U r+ Riu + ru- PLW-Pow WP 

-wp + (g sin@) (cosy sin 6@ sing -siny cos ¢$) 
-(g cos sing) (cosy cos¢ +siny siné@ sin $) 
-(g cos@ cos@)(cos @sin ¢$)) 

m(w + PV, * Pov + VP + PV 

-Q,U, - Qu-U,a- qu 

+(g sing) (cosy sin 6cos¢+siny sin >) 

-(g cos@ sing) (siny sin 6 cos¢ -cosy sin >) 
- g (cos 8. cos ¢,)(cos 4 cos ¢)) 

pI,, ~ tT, 55 (QR, . Q, Pt Ra y ar) (I,, ~ Iyy) 
-(P,Q, + P,a+ QP + pa)I,, 

QI, y+(PoR, *Por + Rp + pr) (1, ~ Igg) 

-(Rg+2R Pr : r?)T,.¢(P3 + 2PoP.¢ p*)I,. 


=F 


=F! 


ZL = 


<M 


ZN = rly, ~ pI,,*(PQ +P,a+ QoP + bq) (Tyy ~ Tyy) 


+(Q,R, : Q,r +R,a+ ar)t,, 


ad 














yy cos 6 cos ¢ 


y cos @ sin ¢ 
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wy cos 6 Q 


y cos 6 sin. ¢ 


Figure [1-13 Vector Representation of 
Instantaneous Angular Velocities 
and the Rates of Change of 
the Eulerian Axes 
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ASSUMPTION V. The disturbances from the stead 
flight condition are assumed to be small enough so That 
The products and squares of the changes in velocities are 
negligible in comparison with the changes themselves. 
Also, the disturbance angles are assumed to be smal 
pug" so that the sines of these angles ma‘ B Set CCE 





Thus, terms similar to qr and sin ¥ sin ¢ may be set 
equal to zero, and (II-40) then reduce to: 


(1-41) 


ZF = ma + QW, ¢ Wg + QW -RoV, ~RoV -Vor 

+g Sing -(g cosQsin¢)y+ (g cos Qcos¢) 4) 
=P, -n(¥+0,R, +U r+R,u -P,W, -P,w- Wp 

-(g sin @)y- 6 cos Asin ¢-(g cos 4cos %)¢ ) 
ZR em(W+ PV, +P,¥ + Vp -Q,U, -Qu-U,4 

+(g sin Q)6+(g cos Qsing,) ¢-(g cos Qcos 4)]) 
<L-pl,, -rI,s ¢ (QR, +Q,r+R,q) (les ~Iyy) 

~ (Po +P a+ Qplis 
EM = Qlyy + (Py Ry Pr + Rod) (Ixx - Iz) 

= (R2 ¢ Mor)I x5 + (Re + WY) is 
IN =F dT yg + (PQ, +h, 9+ QP) (Iyy ~ 133) 

+ (QoR, + Qor +R Q)I xz 


Assumption V not only limits the applicability of (I-41) 
to what are called small perturbations, but reduces 
(IT-41) to linear equations and yields a simplification of 
the mathematical methods necessary for the analysis of 
complicated airplane motions. In the rigorous math- 
ematical sense, (II-41) are applicable only to infinitesi- 
mal disturbances; however, experience has shown that 
quite accurate results can be obtained by applying these 
equations to disturbances of finite, non-zero magnitude . 
An additional result of the assumption of small per- 
turbations is the reduction of equations (II-37) which are 
repeated here for reference: 

(II- 42) ; 
Ped-y sin 6 

Q=8 cos ¢+y sin ¢ cos 8 
Rey cos ¢ cos 8-6 sin ¢ 
These equations reduce to: 


(11-43) : 
| ads 
R=y- 


and, neglecting the products of perturbations, to: 





(11-44) 


Qr§ 
Rey 


Equations (I-44) show that within the limits of small 
perturbation theory, the instantaneous angular veloci- 
ties may be set equal to the rates of change of the 
Eulerian angles. 


Equations (II-41) are more complete than generally re- 
quired for a particular analysis. They can be used, for 
example, to describe the motions of an airplane that 
is disturbed from a complicated steady flight condition 
of steady state rolling, pitching, and yawing velocities 
as well as of constant sideslip and forward speed. For 
the purposes of this volume, however, the following 
assumption is made: 


ASSUMPTION VI. During the steady flight condition, 
the airplane is assumed to be flying with wings lieve 
and with all components of velocity zero except U, am 


- 
(V, °F, = Q,°R, = ¢, = %, = 9) 


An airplane in steady flight with only U, and W, as ve- 
locity components is flying along a straight flight path at 
constant linear velocity and zero angular velocity. The 
airplane may be flying horizontally or it may be climbing 
or diving. This behavior is, of course, unaccelerated 
flight, and therefore corresponds to equilibrium flight 
as previously defined (see Section I-4). 


By eliminating the quantities assumed zero in Assump- 
tion VI, equations (II-41) may be rewritten as: 


(1-45) ZF -a(i +W,q+6 sin 6+ g 4cos 4) 
=P’ -m(¥+U or -Wop - oY sin 6.-g ¢Cos a) 
=F! «m(w-U,a+g¢ 9 sin 6,-8 COS 45) 
SL» ply, “Flys 
SM = alyy 
IN fI,,-Dl,: 


Assumption VI restricts (II-45) to an airplane whose 
flight condition is disturbed only slightly from equilib- 
rium flight with U, and W, as the only component veloci- 
ties. This is no great restriction because most air- 
planes are flown in such an equilibrium flight condition 
over 90% of the time. Muchof the necessary design 
information can be obtained by investigating the dynamic 
response of an airplane to small disturbances from this 
equilibrium condition. The equations can be altered to 
apply to an airplane disturbed from a steady turn or 
from other steady flight conditions by following the pro- 
cedure used in the derivation of (II-45). 


SECTION 8 - EXPANSION OF THE AERODYNAMIC FORCES AND MOMENTS 


The aerodynamic forces acting on an airplane in flight 
are the forces exerted by the surrounding atmosphere 
in resisting the motion of the airplane. These forces are 
present at all times during flight and, of course, vary 
with the flight conditions. Since deflection of the control 
surfaces changes the flight condition, aerodynamic 


I-12 


forces are therefore functions of control surface de- 
flection. 


The aerodynamic forces and moments acting on an air- 
plane at any instant during its flight are shown in Figure 
I-14; 





nn a a a cS Re, aT. tees, A iy ee ce 

















Figure I1-14 
Aerodynamic Forces 
Acting on Airplane 

in Flight 


For convenience, aerodynamic forces along the individual 
Eulerian axes are designated by the capital letters x, y, 
and Z to associate them with the axes along which they 
act, and the moments are denoted as L,M , and N about 
the x, y, and z axes respectively. 


It can be shown by dimensional analysis* that the forces 
acting on solids moving through fluids can be expressed 
in the form: 


(11-46) 

F =C, % pV’s 

Cp = A dimensionless coefficient 

Pp =Density of fluid 

V = Velocity of the solid relative to the fluid 

S =(Characteristic area of the solid 
Since a moment is the product of a force by a moment 
arm, the expression for a moment could be written in a 
form similar to that of (II-46); the moments and forces 
acting on an airplane in flight may then be written as: 


(1-47) 


L=C,%pV28 z Lift 
D= C4 V2s = Drag 
X=C 4ov2s z Aerodynamic Force Along x Axis 
Y = Cykov3s z Aerodynamic Force Along y Axis 
Z=C,hov's z Aerodynamic Force Along z Axis 
L = C;4oV2Sb =: Rolling Moment 
M = C KoV28e = Pitching Moment 
N= C hovSb = Yawing Moment 

where 

S§ e Wing Area 


c¢ s Mean Aerodynamic Chord = The wing chord which 
has the average characteristics of all chords in the 


wing. 
b = Wing span 
(See Figure II-15.) 
Two new quantities are introduced in (I-47); they are 
given in the first two relations which are the ations 
of lift, L, and drag, D, respectively. The lift is the 


* Millikan, C. B., ‘Aerodynamics of the Airplane} John 
Wiley and Sons, Inc., New York, 1941. 
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Figure II-15 8, b, and c of Wing 


force acting normal to the flight path (i.e., to the rel- 
ative wind), and the drag is the force acting parallel to 
the flight path (see Figure I-16). Thex, %, aad Z 
forces are actually functions of the lift and arag. 






Relative 
Wind 


Figure II-16 Lift and Drag Acting on an Airplane 


The other quantities appearing in (II-47) have been pre- 
viously defined. 


In general, each of the dimensionless coefficients of 
(II-47) varies with each of the variables in (II-40) and 
their derivatives. (More will be said about this variation 
in subsequent sections of this chapter.) To avoid con- 
fusion, it should be noted that the dimensionless coef- 
ficient in the lift equation is written with a capital L 
while a lower case is used in the rolling moment 
coefficient. 
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Each of the forces (X , Y , and Z) and the moments (L, 
M, andN ) can be expressed as a function of the variables 
by expanding the forces in a Taylor series. These 
series have the form: 


(11-48) 
P= (F),+ (¥) « ‘ (3) 4 ' (*) y rere 


where a,f, andy are variables, and the subscript 
zero indicates the quantities are evaluated at the steady 
flight condition. 

In (I-48), terms of the order (2-k) 2- and all higher 
order terms have been omitted in accordance with As- 
sumption V. 


Before proceeding with the actual expansion of (II-48), 
a simplification can be made. Because the xz plane is a 
plane of symmetry, the rate of change of the X and Z 
forces and of the moment M, with respect to the dis- 
turbance velocities p, r , and vy, is indentically zero. 
That this is true may be seen by considering the rate of 
change of the Xx force with respect to the side velocity 
v; that is, (oX/9v). 


From (1-48), the increment of force along the x axis 
caused by the disturbance velocity v , can be written in 


the form: 
AX « (2) v 


Examine the X force caused by a side velocity v. If, 
for the purposes of this discussion, the airplane is as- 
sumed to have a side velocity to the right (i.e., if v is 
positive), a positive X force is produced as shown in 
Figure I-17. If, in addition, this force is assumed 
proportional to the magnitude of v , a plot of X versus 
v might then appear as in Figure I-18. 


(1-49) 


Because the xz plane is a plane of symmetry, the x force 
produced by a side velocity vy has the same magnitude 
and direction regardless of whether v is positive or 
negative. Consequently, for negative values of v, the 
curve of X versus V is a mirror image of Figure 1-18. 
The complete curve of X versus v might then appear as 


in Figure II-19. 


It was stated that the zero subscript of quantities similar 
to (9xX/0v), means that this quantity should be evaluated 
at the steady flight condition. Assumption VI stated that 
V,= 0 during the steady flight condition. Figure II-19 
shows that the slope of X versus v at (v= 0) is zero. 
Thus, because the xz plane is a plane of symmetr 
(0X/0v), is identically equal to zero. It should be noted 
that this conclusion does not depend on whether the x 
force produced by a side velocity v was positive or nega- 
tive. It can be shown by similar analysis that if the 
steady flight condition is chosen when P= V=R=Q=0,X, 
Z, and M are functions of only u,w , and q and their 
derivatives, whereas Y, L, and N are functions of only 
v,p , and r and their derivatives. 


This brings to light an important consideration. If, 
instead of specifying steady state flight with zero side- 
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Figure II-17 Force Caused by Side Velocity 
| 


0 Vv CEES 


+ 
Figure II-18 Force Caused by Positive Side Velocity 


slip velocity, one were to specify steady state flight 
with sideslip velocity V,, then there would be an x com- 
ponent of force caused by this velocity. The preceding 
analysis proved only that the slope of this farce with 
respect to v was zero when v= 0 during the staady flight 
condition. From Figure II-19 it can be seen,that. (0X/ev), 


is equal to zero at V, = 0 and only then. Therefore, the: 


magnitude of (2X/2v), and similar derivatives must be 
investigated if the equilibrium condition is chosen when 
velocities other than u, and #, exist. 


For the steady flight condition of Assumption VI, forces 
and moments acting on a disturbed airplane can be ex- 
pressed in one form of (II-48) as: 





Figure II-19 Force Caused by Side Velocity 
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WHERE: 5, = Angle of deflection of elevator 
§, = Angle of deflection of dive brakes 
8, = Angle of deflection of flaps 


$8, 2 Angle of deflection of ailerons 
52 = Angle of deflectiam of rudder 
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Each of the terms in (II-50) has a physical significance; 
X,,»Y,, and Z,, andL,,M,, and N, are the forces and 
moments acting along and about the x, y , and z axes 
respectively while the airplane is in the steady flight 
condition. The terms similar to (2K) > J express the 
change in the given force or moment caused by the given 
disturbance quantity. A more detailed explanation of 
these quantities is given in a later section of this chap- 
ter. 


It should be emphasized that the relations in (II-50) are 
valid only for small disturbances from the steady flight 
condition of Assumption VI, which states that. the air- 
plane is initially flying in unaccelerated flight along a 
straight flight path (i.e., U, and ®, are the osly com- 
ponent velocities not equal to zero). 


SECTION 9 - EXPANSION OF THE THRUST FORCE 





€ = angle between x axis and thrust line 
s,* perpendicular distance from C.G. to thrust line 


Figure I1-20 


In this section, the thrust effects are introduced into 
the equations of motion. (The influence of thrust on the 
aerodynamic forces and moments due to such phenomena 
as the change in flow pattern over the horizontal tail 
caused by the jet blast will be discussed qualitatively in 
Chapter IV.) 


For the present analysis, the thrust is considered a 
function of: 1) the power plant revolutions per minute, 
2) the forward speed of the airplane, and 3) the altitude. 
With a power plant arrangement as shown in Figure 
II-20, the thrust contributes to the x and Z forces and 
to the moment M . 


By setting the steady flight thrust equal to T,, the equa- 
tions for the steady flight condition become: 


(11-51) X,*T, cos é 
Zo = ee sin € 
M, = T, *j 
Since the Eulerian axes remain fixed with reference to 


the airplane during a disturbance, the thrust components 
relative to disturbed axes become: 


X=T, cos é 
(II-52) z+ -T, sin é 


M-T, ey 
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where T, (the thrust during the disturbance)- T, + AT 


The air density remains constant during the small dis- 
turbances under consideration, and AT can be determined 
to a good degree of approximation by considering, it de- 
pendent only upon the change in forward speed and upon 
the change in power plant rpm. Thus: 


(11-53) 


ope Eu ot 8 


235 RPu 


RPU 
and 


~§4 
=e) X=T, cos € (cos at u +(cos OS Fare 


Z»-T, sin ¢ -(sin 2 u-(sin OF Sure 


ou 


The thrust force due to change in power plant rpn. is 
actually an input force similar to a control surface de- 
flection and would arise from a throttle deflection. Since 
there would be a time lag between the throttle deflection 
and the resulting change in rpm of the power plant, the 
analysis is somewhat simplified by considering the 
partial derivative 1/2, rather than 27/23  rottie 


or oT 
M=eT 2,¢8, = U?8 = Seay 
a J J 08, on 


SECTION 10 - COMPLETE EQUATIONS OF MOTION 


Now that the individual contributions to the equations of 
motion have been examined in some small detail, the 
complete equations of motion of the airframe can be 
written. The equations for the steady flight condition can 
be found by substituting the steady flight values of the 
aerodynamic and thrust forces and moments into (I-48) 
and setting the disturbance terms equal to sero: 


(11-58) X, ~Wsin 6,+T, cosa € = 0 
Y¥g+ O ¢ 0 - 0 

Z, + Woos 6,-T, sin € = 0 

Lo+ OO * 0 « 0 

My 0 + ToS » 0 

N, 0 + 0 e 0 


The equations of motion for the disturbed airplane are 
found by substituting the disturbed values of the forces 
and moments, (II-50) and (II-54), into (11-45): 
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The quantities in the boxes disappear because of the 
steady flight conditions of (II-55). Dividing the force 
equations by the mass = and the moment equations by 
the appropriate moments of inertia yields terms of the 
form: 


1X and + ar 


Replacing 1 3 by x, and 2 2 by, simplifies the 


notation. These quantities are called either "“dimen- 
sional stability derivatives "or simplystability de- 
rivatives.'' By eliminating those terms whose sum, in 
accordance with equations (II-65), is zero because of the 
steady flight conditions, and by using the previous 
shorthand notation, (II-66) are reduced to the form: 


(I-57) 
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SECTION 11 -— UNSTEADY FLOW 


In the classical derivation of the equations of motion of 
an airplane, it is assumed that the aerodynamic forces 
and moments acting on the airplane are dependent only 
on the velocities of the airplane relative to the air mass. 
This assumption implies that these forces acting on an 
airplane at any instant during accelerated flight are the 
same as those that would be acting on the airplane if it 
were in steady flight with the velocities prevailing at that 
instant. In other words, if an airplane were to change 
its orientation suddenly with respect to its flight path, 
the flow around the airplane would instantaneously change 
to a steady state flow pattern without any transition 
period. This sort of flow is called quasi-steady flow 
and is used to simplify the problems. 


The resultant force on an airplane is also dependent on 
the rate of change of the velocities. A so-called "ap- 
parent mass effect" arises from the fact that the airplane 
must accelerate a finite mass of air when the airplane 
itself is in accelerated motion. Even after the airplane 
returns to steady flight, it is possible that local flow 
disturbances caused by the accelerated motion of the 
airplane previous to its return to steady flight may be 
close enough to the airplane to produce forces on it. 
That is to say, the forces acting on an airplane at any 
instant are also dependent upon the history of the motion. 
In the light in these facts, quasi-steady theory does not 
truly represent the forces acting on an airframe in ac- 
celerated motion. 


Until recently, motions of an airplane predicted by the 
use of quasi-steady theory were in satisfactory agree- 
ment with flight test data. However, the behavior of 
some modern high speed jet airplanes has exhibited 
marked discrepancies between the predicted damping and 
the observed flight test damping of high frequency oscil- 
latory modes. These discrepancies increase with in- 
creasing Mach number; as a result, the development of 
equations to account for unsteady flow effects must 
necessarily be based on compressible flow theory . 
Several excellent papers have recently appeared treating 
non-steady flow, but as yet, research on the subject is 
still in the developmental stages. For the rest of this 
volume, flow is assumed to be quasi-steady. 


ASSUMPTION VII. The flow is assumed to be quasi- 
steady. 


Because of Assumption VII, all derivatives with respect 
to the rates of change of velocities are omitted with the 
exception of those with respect to », which are retained 
to account for the effect on the horizontal tail of the 
downwash from the wing. This effect is explained later 

on the basis of purely quasi-steady considerations. 


Downwash can be briefly described as follows: A wing 
producing lift on an airplane in flight has a greater re- 
sultant pressure acting on the lower surface than on the 
upper. Because of this pressure differential, air from 
the bottom surface (high pressure area) flows around the 
wing tips to the upper surface (low pressure area) as 
shown by the arrows in Figure II-21. As the airplane 


proceeds along its flight path it leaves two trails of air 
in circular motion. These air masses are referred to 
as "tip vortices" and are shown in Figure II-22. 


Figure II-21 Flow Around Wing Tips 
from High to Low Pressure Area 





Figure II-22 Airplane with Tip Vortices 


Figure II-22 shows that these vortices produce a down- 
ward flow of air at the horizontal tail. The velocity 
with which this air flows around the wing tip has been 
shown to be proportional to the angle of attack of the 
wing. 


The angle of attack is defined as the angle between the 
wing chord line and the relative wind vector as shown 
in Figure II-23. 






Relative 


d 
a Airfoil Chord Line 


a=Angle of Attack 


Figure II-23 Wing Angle of Attack 
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If a wing moving through an air mass with an angle of 
attack a, and a steady forward velocity U, is suddenly 
given a vertical velocity w without changing the forward 
peed the angle of attack changes as shown in Figure 
I-24: 


yA Relative 


Wind 





Rela, 


ly 
aw Wing e 
‘ar 


U, 


Figure [I-24 Change in Angle of Attack Due 
to Vertical Velocity 


The changes in angle of attack are proportional to the 
vertical velocity w. From Figure [I-24 the following 
relations may be derived: 


tan da= 3; considering 4c to be small: 
9 


Aa > 
re 
Since downwash is a downward flow of air, it effectively 
reduces the angle of attack of the tail. 


If it is assumed that the wing tip vortices change abruptly 
with disturbances in wing angle of attack (quasi-steady 
flow) the effect of such a disturbance will not be apparent 
at the tail until the tail reaches the position in the air 
mass held by the wing at the time of the disturbance . 
That is, there will exist a time lag between the cause 
and effect of downwash. 


Figure II-25 shows an airplane at two instants along its 
flight path. 





Time t, 


Time ts 


L, «Distance from wing to horizontal tail 


Figure II-25 Airplane at Two Instants 
During Flight 
At the time t,, the airplane has a downward velocity w, 
that is different from the downward velocity w, of the 
airplane at time t,. The angle of attack of the wing has 
changed; consequently, the downwash at the wing has 
changed. The airplane will travel the distance 1, in uw 


o 
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seconds. If the difference between t, andt,, say At, is 
equal to *t , the tail at time t, will occupy the position 


accuplad by the wing at time ty 


For small intervals of time, the expression for w, may 
be written as: 


(1-58) 2° * as at 
Since at is numerically small: 
0 
dw +t 
- W,. = W — —_— 
(1-58) el Saar U, 


The downwash at the tail is proportional to the down- 
wash at the wing which is proportional to the angle of 
attack of the wing. The angle of attack of the wing, in 
turn, is proportional to the vertical velocity of the wing . 
Thus, (II-60) may be written: 


(II-60) (DW), = kw = Downwash at the tail due to 
downwash from wing 


Since equation (II-60) shows that the downwash at the 
tail is proportional to the vertical velocity of the air- 
plane, the change of the value of the downwash at the 
tail is then proportional to the change of vertical velocity. 


The change of vertical velocity, Aw, which can be obtained 
from (II-59), may be written: 


dw ly 


AW °Wo-¥, "at U, 


(1I-61) 


The change of downwash at the tail due to the wing is then 
equal to k4vw. 


(I-62) (apw,-k 5t 4" = Change of downwash at tail 
U, dt due to downwash from wing 


This change in downwash produces a change in the angie 
of attack of the tail which in turn causes a change in the 
resultant aerodynamic force which acts on the tail and 
which is proportional to W, the rate of change of the 
vertical velocity of the airplane. Thus it may be seen 
that aerodynamic partial derivatives with respect to # 
can be included in the equations of motion on the basis 
of purely quasi-steady considerations. 
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SECTION 12 - CHOICE OF AXIS SYSTEM 


The only restrictions thus far imposed on the orientation 
of the Eulerian axes with respect to the airplane are that 
the y axis be a principal axis and that the origin be located 
at the center of gravity of the airplane. When the x axis 
is oriented so that it is a principal axis, the Eulerian 
axes are referred to as principal axes, but when the 
x axis is so oriented in the airplane during the steady 
flight condition that it is parallel to the relative wind, 


the Eulerian axes are referred to as stability axes. 


It is important to remember that the stability axes are 
oriented with the x axis parallel to the relative wind 
during the ste flight condition. When the airframe 
8 om the condition, the Euler- 
ian axes rotate with the airframe and do not change 
direction with respect to the airplane, consequently , 
the disturbed x axis may or may not be parallel to the 
relative wind while the airplane is in the disturbed flight 
condition (see Figure I-26). 


C.a. 





fixed with respect to the airplane. If the instrument 
axes are aligned with principal airplane axes, flight 
test data yield stability derivatives with respect to 
principal axes. 


The use of stability axes eliminates the terms containing 
W, from (I-57), but now the product of inertia, I,,, is 


. different from zero, and the moments and the product 


of inertia vary with the equilibrium flight condition as 
well as with the airplane weight . Wind tunnel test 
results are measured in terms of lift and drag forces 
which are measured perpendicular and parallel to the 
relative wind and which are logically referred to stability 
axes. Stability derivatives calculated from subsonic 
flow theory are also calculated with reference to stability 
axes. 


The various methods of obtaining stability derivatives 


-¥) 
C.G. ™\ 
x ‘U 
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Figure II-26 Direction of Stability Axes with Respect to the Relative Wind 
During the Steady Flight end Disturbed Flight Conditions 


Several factors must be considered in determining which 
axis system is more suitable for a given analysis. 


If the equations of motion are written in terms of motion 
along the principal axes, these equations are somewhat 
simplified because the product of inertia, I,,, is iden- 
tically sero. In addition, the moments of inertia in a 
principal axis system of an airplane are not dependent 
upon the steady flight condition. On the other hand, the 
location of the principal axes is a function of the dis- 
tribution of the airplane's mass and consequently varies 
according to the loading. In general, the principal x 
axis very nearly coincides with the longitudinal fuselage 
reference line which, in most cases, is only slightly 
different from the wing chord line (see Figure II-27). 


In calculating stability derivatives for supersonic flight, 
it is convenient to orient the x axis along the wing chord 
line. When the disturbance is small, the pressure 
difference between the upper and lower wing surfaces is 
determined from the general Bernoulli equation, and the 
stability derivatives are determined from integrations of 
the forces and moments over the wing. Since the wing 
chord line is only slightly displaced from the principal 
axis in this case, it is convenient to use principal axes. 


Flight test data are generally measured by instruments 


are discussed in a later section of this volume. The 
important points to be noted here are that stability de- 
rivatives are referred either to principal axes or to 
stability axes, according to the method of derivation , 
and that the equations of motion can easily be altered 
to apply to either axis system. Throughout the remain- 
der of this volume, the stability axis system is used 
since stability derivatives are most commonly obtained 
with respect to this system. It should be emphasized , 
however, that the equations of motion differ only slightly 


ee Chord Line 







Fuselage Reference 
Line 


Longitudinal Principal 
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Figure II-27 
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when referenced to either axis system and that the math- 
ematical techniques employed in their solution are 


identical. 


SECTION 13 - EQUATIONS OF MOTION REFERRED TO STABILITY AXES 


The equations of motion referred to stability axes with 
the flow considered to be quasi-steady can be obtained 
from (II-57) by eliminating the following quantities: 


1. All terms containing ¥,, which disappears because of 
the direction of the stability axes. 

2. All aerodynamic partial derivatives with respect to 
rates of change of velocities except those with respect 
tow. 

3. All aerodynamic partial derivatives with respect to 
rates of change of control surface deflections. 


Equations (II-57) then reduce to (II-63) and (I-64). 
(II-63) i+g@cos 4 =T, (cos Au+ Ty pyprPM COS & 
*X,ue X+ Xwe Xewe X; Oe + Xs Oe + x; ° 
W-U,d+g0sing =-T,(sin u-T, | Sapy sin € 
+Z ue Z,a +Ziwe ZeW + Z, 5g + Zs be + Zy 8, 
« 2M 2,m 
qe— tur+t tT ) +Mu+M.q+M ow 

= u ls Spy RPM u q 
+ Mwe Ms ee + M, OP + Ms,°6 


(11-64) v+U r-gysin &-gdcosd «Y reYiv 


+ YP + Ys ba ¢ Ys, °p 


I e 
eal Feb r+Lyv + Lop + by dy + bs dp 


f - i b=NoreN ve Nop + Ns OA + Ny or 
An examination of these equations shows that (II-63) 
are functions of the variables u, 9 and w, whereas 
(11-64) are functions of the variables v, r, andp. Thus, 
as a result of the assumptions made in the previous 
analysis, the equations of motion can be treated as two 
independent sets of three equations. Equations (II-63) 


are referred to as the longitudinal or symmetrical equa- 


tions because, when these motions occur, the plane 
of symmetry of the airplane remains in the plane it 
occupied in the steady flight condition. Equations (II-64) 
are referred to as the lateral or asymmetrical equations. 


Since the longitudinal motions are independent of the 
lateral motions, they are treated separately in the rest 
of this volume. ; 


SECTION 14 — DESCRIPTION OF THE DIMENSIONAL STABILITY DERIVATIVES 


The adoption of Assumption VII has greatly reduced the 
number of stability derivatives appearing in the equations 
of motion. In this section, each of the dimensional 
stability derivatives in (II-63) and (II-64) is first given 
a brief physical interpretation, then expanded into a 
more basic form, and shown to be a function of what are 
called "basic non-dimensional stability derivatives." 
(A detailed discussion of these basic non-dimensional 
stability derivatives is given in Chapter V.) The longi- 
tudinal stability derivatives, which appear in the equa- 
tions of motion given in (II-63), are treated first and 
the lateral stability derivatives, which appear in (II-64) , 
are treated later. Equations (II-47), used in the dis- 
cussion, are repeated here for reference: 


(II-65) 


L=C,4 e V's Z=C, 5 e V's 


D=Cy} pVv's L=C, + V*Sb 


X= C,4 PV's M= Cy +p V?Se 


¥=C,i pVv4s N= C, 50 V'Sb 
It should be noted that the quantity v?, which appears 
in (II-65), is the square of the total linear velocity. In 
the stability axis system, the total linear velocity during 
the steady flight condition is equal to U,, which is the 
velocity in the direction of the x axis. When disturbed 
from steady flight, the airplane can have velocity com- 
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ponents U,+ u,v, and w directed along the x, y and z 
axes respectively. During disturbed flight, the magni- 


tude of the total linear velocity, can be expressed as: 


(11-66) [V| = J(u, +u)2+v24 w2 


or 


(11-67) | VJ = Su2+ 2U,u eure v2 ow? 


In Assumption V,u, v, and w were assumed to be very 
small so that their products and squares could be neg- 
lected. Thus: 


(1-68) = {vz fu2+2 00 


Also, since U? is very much greater than 2U,u, a very 
good approximation can be given in: 


(11-69) lvl x U, ¥ U 


Therefore, the magnitude of the total linear velocity 
V at any instant is approximately equal to the x com- 
ponert of linear velocity, U, at that instant. Since 
U=U,+u, the magnitude of V at any instant is approxi- 
mately equal also to the linear velocity during the steady 
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flight condition, U,. Thus V, U,, and U can be used 
somewhat interchangeably. 


LONGITUDINAL STABILITY DERIVATIVES 
Effect of u, The Change in Forward Speed 


Relative 
Wind 





Figure II-28 Variation of Lift, 
‘Drag and Pitching Moment 
with Change in Forward Velocity 


As an airplane increases its forward speed, the lift, L, 


drag, D , and moment, M, change. Generally, but not 


always, each of these quantities increases, 


Since drag acts along the negative x axis, an increase 


in drag contributes a negative X force. The change in 


X force due to a change in forward speed can be eX- 
presern mathematically in the form: 


(11-70) dx= 2Xye- 2Dy 

eu ou 
Ue71) yx ob 240-4 2D 
( ) Xy os ou me ou 


Using the drag equation from (II-65), equation (I-71) 
can be written as: 

2 
(1-72) x,--+ 2D. a(3e U°BC p) 


When the indicated differentiation is performed, (I-72) 
yields: 


ac 
(I-73) x, e8ly + + 2uc 
and 
7” ae U U ac 
(-74) x, egy vu 52 +c) 


Since lift acts along the negative zg axis, an increase in 
lift due to a change in forward speed contributes a nega- 
, tive Z force: 


a eo 2924 2- mh 
(II-75) , AZ Siu tu 


(11-82), 
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(II-76) 
| is + _ j -o $l | 
By noting the ‘eee between (II-76) and (II-71) and 


between the lift and drag equations of (I-75), equation 
(11-77) can be written immediately: 


le Bl 


(1-77) 


_ The change in moment caused by a change in forward 


speed can be expressed as: 


(II-78) AM = an u 
(II-59) wu = om 


The same mechanics used in the expansion of X,, can be 
used to derive M,: 


(1-80) uv, dhs ood 3c] 





The equation for thrust can be «ritten in a form similar 
to that of the lift and drag equations in (11-65): 


(I-81) 


The change” in thrust due to a change in forward speed 
is; 


Ts 1 p USC; 


.2 
ie The 


_ According to.the mechanics used in the expansion of X,, 


the stability derivative T, can be written as: 
r) 
Tee gE xe + Cy | 


Some new symbols are now defined. The quantity Cy 
is equal by definition to u °C, 


(I-83) 





2 eu 
II-84 Ye oy , 
( 2 3u Cu, 
Similarly, 
u oc. 
(II-85) 2 aa. C 
aC 
= Y IDs 
(I-86) x oa Co, 


‘ U ac . 
(11-87) - ar C. 


In Figure II-29, the quantities L, and D, represent the 
lift and drag acting on the airplane during the steady 


flight condition. The lift and drag always act respectively 
normal and parallel to the relative wind. According 


H-21 


| 


Chapter II 
Section 14 


Effect of w, The Change in Speed Along the z Axis 





Figure II-29 


to the definition of stability axes, the relative wind dur- 
ing the steady flight condition is parallel to the xaxis. 
Therefore the only component of linear velocity during 
the steady flight condition is U,. Thus, L, and D, are 
respectively perpendicular and parallel to the x axis. 
When the airplane is disturbed from steady flight so that 
it has a component of velocity along the z axis, w, as 
well as a forward velocity, U,, the relative wind shifts to 
a new position as shown in Figure I-28. This shift re- 
sultsin anincrease in angle of attack denoted by the angle 
Oa, The quantities L and D, in Figure I-29, represent 
the lift and drag acting on the airplane during the dis- 
turbed flight condition, and they act normal and parallel 
to the relativewind. The relative wind acts in the direc- 
tion opposite to the vector which represents the sum 
of U, and w. 


The change in X and Z forces caused by , the change in 
speed along the z axis, can be found Hpy resolving L and 
p along the x and z axes; 


a 2X . AX 
(11-88) ae Limit = 
we U, tan da *¥ Uda 
(II-89) 


OX 2 Li 1 4x 
a hams 5 U, Sa 


From Figure II-29, 


(11-90) AX=L sin Oa@- D cosAa - (-D,) 
L and D can be written as: 

LeL,+ OL 
(11-91) - 

D=D,+ 4D 


Since, according to Assumption V, disturbances from 
steady flight are considered small, AL, AD,and da are 
smajl. By setting sinda «Aa andcos Aa+l, and using 
({{-91), equation (I-90) can be rewritten as; 


(11-92) X*(L, +L) Oa -(D,+4D)+D, 
Neglecting products of small quantities, 


(IT-93) AXe Ljda-AD 


1799 


Substituting (II-93) into (II-89) yields: 


LOa-AD 


(11-94) wn 








ox ] 
»s Limit — 
ow Reon Us 


And in the limit: 


= Q s e C) 
amon) HE dt: 22) 
Also 

1 2x, 2D\ 
(1-96) x,-1 2x atk (t- 3 


Substitution of the values of lift and drag from (II-65) 
into (11-96) yields: 


(11-97) X= aly [4 p8urc, - 2 (+ psuteyl 


(1-98) =x, = 280 (Cy - Cp} 


a 


where Cy - 2 
0a 


The change in the 2 force due to » can be found by re- 
solving the forces in Figure II-29 along the z axis and 
performing operations similar to those used in the der- 
ivation of (II-98): 


(1-99) Zz =- <80 a (ct, ' Cs) 


The change in moment due to w is most easily visualized 
by observing the components of the total lift and drag that 
act on the wing and the horizontal tail. Figure [I-30 
shows these components. 





Figure II-30 Lift and Drag Acting on the Ring 
and the Horizontal Tail 


The subscripts 4 andT refer to wing and tail. A vertical 
velocity, ¥, causes a change in an;le of attack of both 
the wing and the horizontal tail and consequently changes 
the lift and drag acting on these Hfting surfaces. The 
resulting moment can be found by summing the monients 
caused by each of these forces about the center of grav- 
ity. It may be seen that this moment is dependent upon 
the location of the center of gravity with respect to the 
wing. .The moment equation from (11-65) is rewritten: 


a | ee —— Ge aes 





(II-100) m= 1 pu’sco, 


(1-101) aw. pu’se 2% 
ow 2 ow 


Substituting w-» Uc in (I-101) yields: 
OM, usc pu 2&n Since Mo 1. oO 
oe Iyy Ow 


2 Uo Qa i 
. eB a2 
(11-102) My 2I,, Ce, ee Ce, set 





Figure II-31 


In the discussion of unsteady flow (Section II-10), the 
existence of a force due to # was explained on the basis 
of quasi-steady flow considerations. It was pointed out 
that this rate of change of speed along the axis results 
in an effective change of the angle of attack of the hori- 
zontal tail. This change in angle of attack causes changes 
in the lift and drag acting on the horizontal tail. These 
are incremental forces and are represented by AL, and 
4D, in Figure 0-31. 


The change in drag on the horizontal tail is the main 
contributor to the change in the x force. Because the 
drag on the horizontal tail is generally small in com- 
parison with that on the total airplane, this force is not 
considered. Therefore, xX, is considered zero in the 
first approximation. However, the change in lift onthe 
horizontal tail causes a change both in the z force and 
in the moment. The lift on the horizontal tail acts in 
the. negative z direction, and therefore: 


(11-103) AZ» 2%5.- Shy 
ow ow 

ow 2 ow 2 2% 
since Ws Ue 

.« 1 _9Z 
since as ae 

- - 28y Cy 

(II-105) ey 2m 04 
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To form a non-dimensional coefficient, (11-105) is mul- 


tiplied and divided by 36 ; 


(I-106) 2 + -Sal g sey 


(i-107) Z,-- GBS, where C, * aay 


M, can be expressed as: 
(1-108) ou- 206 


cio) if» ste 


e -. OM 
Me" TT On 


(1-110) 


e P&c? a 3 Cy 
415; Cy, where C. (EE) 


Effect of a, the Pitching Velocity 





Figure II-32 


In the light of the quasi-steady flow assumption (Assump- 
tion VII) the major effect of the airplane's pitching about 
its center of gravity is to cause an increase in the angle 
of attack of the horizontal tail. As inthe case of the 
effect of #, the resulting drag increase is neglected in 
the first approximation and X, is set equal to zero. 


The incremental lift produces a change both in the 2 
force and in pitching moment. The expressions for Zz, 
and M, can be derived as follows: 7 


is « 22qe0~ OL 
(1-111) Az sear 524 


. PBU2 Cc oC, 


11-112) 2h. 2Su? © Cc. 
aq 2 Ww 3(30) 


2 eq 


» 1 9% 
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(lI-113 -.? _ 2c 
) 2, “dan Ck where Cy, (a 
. 2U 
and 
- . OM 
(II-114) am 4 q 


if 


(11-115) 2M. 2BU%c 9Cn , esy%e c PCy 
- 9@ $2 2@q 2 2U a/ac 
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Ms ee OM 
a Tyy 24 
(11-116) PSUc? 3 
Me C where C, = 
q I a : Ac 
1 4@ Ty, a a 2 is) 
Effects of Spey, the Change of Power Plant Revolutions 





per Minute 





Figure II-33 


An increase in power plant revolutions per minute yields 
an increase in thrust. By using equation (II-81), the 
increment of thrust can be expressed as: 


( ) AT ee S apy 
Met) S8neu = 2 oSapy 


To form a non-dimensional coefficient, (1-118) is mul- 
tiplied and divided by *2%, where the coefficient 60 is 
used to convert u from feet per second to feet per 
minute, 


T oh 8 Fe 


Since 
bRPM =m 8 Say 


(1-119) ty = -0e5Uec, 


ec 
wh C @ dt 
ere ae (2 c ~Beu) 

‘ u 





Effect of 8,, the Elevator Deflection 


11-24 





Figure II-34 


Deflecting the elevator up is defined as the positive 
direction of elevator deflection, as shown in Figure 
I-34. The most important effect of an elevator deflec- 
tion is to produce a change in lift which acts on the hori- 
zontal tail and which causes a pitching moment. It can 
be seen from Figure I-34 that a positive elevator de- 
flection decreases the effective angle of attack of the 
horizontal tail thus causing a positive Z force and a 
positive moment Mu. The increment of Z force canbe 
expressed as; 


(1-120) az-s oe be rm be 


(1-121) OL . 4 pu2g 2c 


28, 28, 
Zs BS A oc, 
BE oo 06, 


(1-122) 25. = = £5 Cc where CL = $3 


L 
™ bp g 


The increment of moment has a similar form: 


II-123 . OM 
( ) om oe oe 


(1-124) 2M. L pyre 2Ce 


05, 2 25, 


e 1. OM 

MS, Tyy 25, 
(11-125) pU2Se ac 
M5," 2Tyy Cu; . maere Cu, : 35, 


The change in the xX force due to elevator deflection is 
caused by the change in drag. Thus: 


II-126 @ aX ee C) , 
( ) aXe 3 Se 3be bp 
es, 868 CET 
~1 2x 
‘he m 05, 
(11-128) ‘3 
zs @ a ty 9Cy 
be See Cy s where °o, | 35. 





Effect of 5,, the Flap Deflection 


x AL 





Figure II-35 


"Flaps down" is defined as the positive direction of flap 
deflection as shown in Figure II-35. This flap deflection 
increases the effective angle of attack of a section of the 
wing thus increasing the lift and drag acting on this sec- 
tion of the wing. The increase in drag ‘produces a nega- 
tive x force. 


The incremental X force can be expressed as: 


2 » MX 5 . - OD 
(1-129) 4x 35, bp 35, Sp 





II-130 2D. Lpy2g 200 
so a Oe 
~ 1 9X 
xi, Mm 25, 
(11-131) 3 
Xs ra “o, where “, 28, 
The incremental Z force is: 
]I-132 a _9Z .- 2h. 
( ) AZ J Pr 33 fr 
11-138) 2b. L pyzg 2&2 
( 4 au Ts 
2 kL OZ. 
2, .] 0 & 
Il- 134 
Z, °° Pus CL where C, beac 
F 2m bp 5 5 


The moment produced by a flap deflection is dependent 
on the location of the c.g. with respect to the wing. The 
expression for the incremental moment is: 


Z . OM 
(11-1385) Am 35, &, 


(1-136) Hs . 


| (II-137) 
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Ms_* PUAS Cc C. where Cy, 2 Ce 
F 2I,, bp F 


Effect of 8, the Dive Brake Deflection 





Figure II -36 
Dive brakes are generally designed to produce only a 
drag force as shown in Figure 1-36. Assuming that a 
dive brake deflection also produces some small amount 
of lift and moment, the expressions for the stability 
derivatives have a form similar to those related to flap 
deflection and can be written immediately as: 


(11-138) X, + - euls Cp, where Cp, 38 


Zs “Ge Oy, MRE Ly” OE 
PUSS " 2s 


LATERAL STABILITY DERIVATIVES 


Effect of v , the Change in Side Velocity 


Dihedral Angle 
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Figure II-37 
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When an airplane is disturbed from steady flight so that 
it has a side velocity, v, a force along the y axis and 
moments about the x and z axes are developed. The 
major forces caused by the side velocity are labeled F;,, 
F,, Fz, and F, in Figure II-37. F, arises from the 
change of the angle of attack of the vertical tail. F,is 
the side force acting on the fuselage, and F, and F, are 
forces acting on each semi-span of the wing, due to the 
effective dihedral of the wing. From (I-65), the side 
force equation may be seen to have the form: 


Y- +p vse, 


The change in side force due to a change in side velocity , 
v, can be found by differentiation: 


oY 
(II-141) AY= Sy V 
(11-142) oY . 1 py’s 2c, 
v2 ov 


(-143) sy,» 1 2X. ots 3G2 
m Vv 


2m ov 


From Figure [I-37, it may be seen that the angle of side- 
Slip, 8, is related to the sideslip velocity, v: 


(11-144) tan Be 
Uo 


Since v has been assumed to be a small quantity 


(1-145) Bw 
U, 

and 

(11-146) v= U8 


Substituting (II-146) in (II-143) yields: 
(1-147) -y, » £U'S _2Cy 


2m U,eB 
(11-148) Y= PUS¢ where Oey , Cc 
2m "A 28 of 


The rolling moment about the x axis is caused mainly 
by F,, which acts above the X axis, and by the com- 
poncats of F, and F, which act normal to the wing. The 
equation for L , from (II-65), is rewritten: 


L = 4. pu’snc, 


od 


The change in L due toa side velocity, v, can be ex- 
pressed as: 


11-26 


(U-149) 


~ (1-181) 


(11-150) oh - + pu'%sb ea 


Substituting the value of v from (II-146) into (II-151) 
yields: 


- - CU Sb ¢, oi 2k 
(1-162) Ly = 5 i. C;, where Cy), ° 53 


v= U8 
Ly be and L,Vv = Lf 


Also, since 


(The quantity L, is used later in the chapter.) 


The yawing moment due to a side velocity, v, is caused 
mainly by the force on the vertical tail, F, The form 
of the stability derivative N, is similar to (II-152): 


(1-153) Nn,» 2USD ¢ 
2 I, b 
also N, = i Ne 


Effect of bp, the Change in Rolling Velocity 


A rolling velocity, p, causes a force to act on the verti- 
cal tail. This force is illustrated as F, in Figure II-38 . 
The change in the Y force due to P is expressed as: 


= ay B pyts ce, 
(11-158) . m op 2m ap 


To form a non-dimensional coefficient, (1-156) is mul- 
tiplied and divided by . Thus: 


me 8 (53) 
ac, 


yy where Cy = 3 (8) 


ou 


| a 


(11-157) Y 2¢ 


. EUS 
P 4m 


There are also incremental forces acting on the wing. 
These forces are illustrated as F, and F, in Figure 
l1-38. The vertical velocity of the downgoing wing at 
any station a distance 1, from the xz plane, is pl, . 
This vertical velocity increases the effective angle of 
attack at this station by an amount 44 (where Aq, 3 pi, ) 
U 


a 












Pd 
ov ha 


~ 1 
Relative Wind 
Down-Going Wing 


‘ 
Q 
i) 
’ 
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This increase in angle of attack increases the lift and 
drag acting on the wing. The effective angle of attack 
of the upgoing wing at a station a distance !, from the 
xZ plane is decreased by an amount 40, (where 
Sa, pl,/U,). This decrease in effective angle of at- 


tack decreases the lift and drag acting on the wing at 
this station 


Usually the change in drag force is relatively small 
and is neglected for the purposes of this discussion. 
In the preceding discussion, it is stated that the lift 
on the downgoing wing is increased and the lift on the 
upgoing wing is decreased resulting in a change in the 
rolling moment, L. The change in rolling moment due to 
P is expressed: 


. - OL 
(II-158) = 4L ap? 
(0-159) 2b. Lpytgpn 2& 
ep 2 op 
li-16 s 1 OL 
” Mp I,, 9p 


Multiplying and dividing (II-159) by oa and substituting 
the result into (II-160) yield: 


2c) 
° (Et) 


In addition to the change in magnitude of the lift forces 
acting on each semi-span of the wing, it may be seen 
from Figure [I-38 that the lift forces acting on the down- 
going and upgoing semi-spans are rotated forward and 
backward respectively. The change in direction of these 
forces results in a negative yawing moment about the 
z axis. 


(Tl- 161) L, = PLUS b3 C, where C, = 
4I,, p D 


Figure I-38 represents the general case. However, for 
flight near the stall, the drag forces may become im- 
portant and result in a yawing moment of opposite sign. 
The change in yawing moment due to P is expressed as: 


: . ON. 
(II- 162) AN 7 p 


By noting the similarity between (I-162) and (II-158) 
and between the equations for L and N in (II-65), equa- 


Figure II-38 
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tion (II-163) can be written immediately: 


~16 » £USb3 a0 Cae 
(II-163) Np a1., C, where Cy, | 3 (ab 
2U 


Effect of r, the Change in Yawing Velocity 





Figure II-39 


A side force, F,, is caused by a yawing velocity, r, 
which is mainly due to the fact that the effective angle 
of attack of the vertical tail is increased. This side 
force is generally pusitive and can be expressed as: 


or 


By analogy with Y,, derived in equation (II-57), it is 
possible to write: 


11-165 a e2USh s _ 9 Cy 
( ) ¥, = 20S c, where Cy. : 2) 


As shown in Figure 11-39, the forward speed of a station 
which is a distance !, from the xz plane on the semi- 
span of the wing is decr cased an amount |r, resultiny 
ina decrease in lift at this section. Similarly, the 
forward speed of a station a distance 1, normal to the 
2 axis on the semi-span of the ihat is increased an 
amount Ler resulting in an increase in lift at this sec- 
tion. The result of the changes in lift acting on each 
semi-span is then a moment about the x axis. This 
moment is usually positive and can be expressed as: 


I-27 
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(II- 166) ALe db y 
or 


By analogy with L,, derived in equation (I-57), equation 
(II- 167) can be immediately written: 


PUSb? _ ac 
4 1.. C;. where C,_ 2a) 
— «\ 


(Il-167) iL, 


The side force F, in Figure II-39 also causes a moment | 


about the Z axis since the vertical tail is some distance 
aft of the center of gravity. This moment is usually 
negative and can be expressed as: 


or 
(11-169) aN LYU25b 2Ce 
2 or 
I, or 


Multiplying and dividing (1-169) by b- b_ and substituting 
this result in =179) yield: 


(II-171) 


e£LUSb? Cc wh s ec 
r 4 i a. ere 38) 
(2 


Effect of 5,, the Rudder Deflection 


x 





Figure II-40 


A pos.tive rudder deflection causes a force to act in the 
pusitive y direction as illustrated by F, in Figure II-40. 
The rudder deflection changes the effective angle of 
attack of the vertical tail, which in turn produces a force 
proportional to this change in angle of attack. 


Ii-172 « OY 
( ) 4¥e3 - 5, 
(11-173) oY 2 puts x 
Ob, R 
since 
y «tek 
—'R m ah 


i-28 


: 2 
(11-174) y,=« LUIS ¢ where C. « 2G 
R 2a %, %, 8, 


By referring to Figure II-40 again, it can be seen that 
F, causes a negative moment, N, about the z axis. 


(1-175) aN» ON 5, 
R 

: N . PUZEd OC 
(11-176) $n 5 rs 
Since . 1 2N 
; ue Izz 25, 

-17 p ee 
(1J-177) Ny us Co where Cn, s3, 


Depending on whether the center of pressure, that is, the 
point at which F, can be considered to act, is above or 
below the x axis, a positive rudder deflection can cause 
either a positive or a negative rolling moment aL. This 
increment of rolling moment can be expressed as follows: 


-17 e OL 
(iI- 178) 35, az 
(11-179) QL 2 Ld py%gp ©! gi oi oh 
25, 2° 2b, nreter hy 1, 25, 
(11-180)  ,, » £U7Sb » OL) 
s, 2 Ta: 1, where Cr, 78 
Effect of 5,, the Aileron Deflection 








Figure II-4! 


Positive aileron deflection is defined as the upward 
deflection of the aileron on the semi-span of the wing 
lying along the positive Y axis and the downward de- 
flection of the other aileron as shown in Figure II-41. 
The aileron which ts deflected up decreases the effective 
angle of attack of a section of the wing and generally 
causes a decrease in lift and drag acting on that section 
of the wing, whereas the aileron which is deflected down 
usually causes a corresponding increase in the lift and 
drag acting on that section of the wing. 


The changes in lift produce a positive rolling moment, 
AL. This change is rolling moment can be expressed as: 


aes _ ne Tt, nS.” a, en, . <a 


mm au emma amma em a s—n rr 





(1-181) 

(W-182) 2k = eu’sy 2c) 

Since Ly a oh 

(1I-183) L, = Furs ¢, where C, epg 
A 3, s, 28, 


The change in drag generally produces a negative yaw- 
ing moment about the z axis. The increment of yawing 
moment can be written as: 


: .2 
(II-184) AN 35,0 
Z ON . 2U2Sb Cy 
(u-185) $f ae 
~ 1 aN 
Since Ns, T. 35, 
(1-186) %;, ° 2U28bc, where c, - So 


A 21. gy &, 08, 


There is generally no side force due to aileron deflec- 
tion, but if one did exist, it could be expressed as: 


- « OY 
(II-187) ay 35,04 
(1-188) 2% . eU’s %, Since ¥, - 1 2Y 
8, 2 28 A B 0%, 
Y pus Cc h Cy = OCy 
(II- 189) % "Sa Cx, «where Cy, 2 &, 


The longitudinal and lateral stability derivatives dis- 
cussed above are tabulated in (II-190) and (II-191) re- 
spectively. All of the dimensionless coefficients of 
the form ©np, Ca,,, etc., in (II-190) and (II-191) are 
referred to as basic non-dimensional stability deriva- 
tives. 
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Longitudinal Stability Derivatives 
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Lateral Stability Derivatives 
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SECTION 15 - TRANSFER FUNCTIONS 


In this section, (II-63) and (11-64) are converted by the 
use of determinants into the transfer functions con- 
sidered in the rest of this volume. Some preliminary 
discussion of the quantities involved in these equations 
is given first. Although most of these quantities have 
been defined in the preceding text, they are redefined 
here for the sake of clarity. The longitudinal quantities 
are treated first. 


The angle of attack, a , is defined as the angle between 
the wing chord line and the relative wind. It is equal to 
the sum of the steady flight angle of attack, 2,, and the 
perturbation angle of attack, 4a; a=a, +Aa, 


The angle between the flight path and the horizontal is 


defined as the flight path angle y and is equal to 7, +Ayv 
(the sum of the 8 flight angle % and the perturba- 


tion angle dy). In the stability axis system, y, is equal 
to the angle between the x axis and the horizontal, when 
the airplane ts in the steady flight condition. 


The pitch angle, 8, is also composed of a steady flight 
value, 6,, and a perturbation value, 6. It is the angle 
between the wing chord line and the horizontal: 9. 0, + 6 


In the derivation of the expressions for the components 
of gravity acting along the disturbed Eulerian axes in 


I-39 
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Section II-5, the angle between the horizontal and the 
ea x axis in the steady flight position was defined 
as 9). 


At that point in the derivation of the equations of motion, 
the orientation of the Eulerian x axis with respect to 
both the airplane and the relative wind was arbitrary . 
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All Angles Pictured Are Positive 


If the Eulerian x axis had been aligned parallel to the 
wing chord line, the definitions of 8, given in Section 
II-5 and immediately above would have been consistent . 
However, the substitution of y, for @, in the equations 
of motion should not lead to any difficulty if stability 
axes are used as reference axes and the above definitions 
are used, 





Figure II-42 Airframe in Equilibrium Condition 


It was not until Assumption VI was made that stability 
axes were selected as the reference axes. In the sta- 
bility axis system, the x axis in the steady flight position 
is parallel to the relative wind. Therefore, when sta- 
bility axes are used as reference axes, the angle called 
8, in previous sections is equal to y, according to the 
definitions given above. 


Horizontal 


The components of velocity along the x and = axes are 
U and W respectively, and each is composed of steady 
flight and perturbation values defined as: U-U,+u 
and W-®,+w. However, according to Assumption VI, 
¥, is equal to zero; therefore: W,-0 and W-vw. 


The steady flight values of the above variables and the | 





Figure II-43 Airframe in Disturbed Condition 
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Perturbed Wing Chord Line 
Equilibrium Wing Chord Line 
Perturbed Eulerian Axis 


! Sie Equilibrium Eulerian Axis 
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Perturbed Eulerian Axis 


PITCH ANGLE: 
ANGLE OF ATTACK: 
FLIGHT PATH ANGLE: 


6’s Horizontal to Wing Chord Line 
a’s Relative Wind to Wing Chord Line 
y’s Horizontal to Relative Wind 


Equilibrium Eulerian Axis 


Total Perturbed Quantities minus Equilibrium Quantities give 


magnitude of Perturbations: 


8-0,+0 
A-aljea 
r-y*y¥Y 


x and z axes during the steady flight condition are shown 
in Figure 11-42. The subecript o is used to denote axes 
during the steady flight condition. 


By recalling that once the axes are fixed to the airframe 
during the steady flight condition they remain fixed with 
respect to the airframe during any particular analysis, 
the airframe in a disturbed condition and the disturbed 
x and z axes would appear as in Figure I-43. It should 
be noted that the relative wind does not necessarily lie 
along the disturbed axis. 


To present a complete picture of the longitudinal angles , 
it is necessary to superimpose Figure [I-42 on Figure 
1-43, as in Figure II-44, with the fuselage reference 
line and the airframe outline omitted. 


Eulerian x Axis = Wing Chord Line 







Direction of Flight 


Figure II-45 


Figure II-44 


From Figure 0-44, it can be seen that the flight path 
angle y is equal to the pitch angle, 6, minus the angle 
of attack a: 
(11-193) y=60-a4 

The change in angle of attack, Aa, can be expressed as 
a function of the component velocities. 


From Figure I-45, the following relation can be derived; 


tan das ¥ . con) hae 
U,+u 


Since both w and u are small: 
tan Aa®@ 72 "Aa and w*=*U,Aa 
o 
The lateral angles are shown in Figure 01-46. The angle 
of yaw, ¥, is the angle between the steady flight x, axis 
and the disturbed x axis and is positive as shown. The 
angle of sideslip, 4, is the angle between the flightpath 
and the disturbed x axis and is related to the lateral 
velocities by: Vv 
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By noting in the figures the correspondence between £8 
and the perturbation angle of attack, 4a, it may be con- 
Cluded that: 


an & 
B U. 
The roll angle, ¢, is of course not shown, but is defined 
as the rotation about the disturbed x axis. The angle 
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& is defined as the angle between the equilibrium flight 
path and the disturbed flight path. 


It should be pointed out that only when © is equal to zero 
is the sidelip angle 4, equal to the negative of the a 
angle (see Figure I-47). 

The equations of motion are now used to derive the 
transfer functions. (II-63) and (I-64) are rewritten 
below with y, substituted for 6,: 


(11-193) 
i - X,u-(1T, cos gu -X.0+ 6 cosY- X,W-Xow 


= Xp dg + Xp ont Ty onee* Xs Sp 


-Z,4u (rn, sin gu-u,a -Z,9 +6 Osiny + W- ZW- Zw 


-M,u- i T,u+ d- - - Mw 


(11-194) 
v- Y,v- Y¥p- g(cos ne r- oa e(cin %¥)= ¥, 54+%y bp 


-N,V- rs De- cat aiid 
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The variable, & , is substituted for v in (II-194) using 
the relation ,. - Thus: 


(11-198) 


U,f- Y,U,8- ishiniione rf oie > 


. Y,, 5,+Y; ak 
I 
- Lyf+ bd - Lp - -# f-Lyr = Ly 5, + Ly 5, 
z% 


a Np - =H pD-Nop+ f-Nr e Ny bat Ny Se 
ry | 


Dividing the first equation of (II-195) by U, yields: 
(11-196) 
s- Y,8- Yop 7 cos 7p r-Yrr -(* sin vv 
° e 


. Ys 5 ¢ Ys en where Y, . i » ete. 


(11-198) can therefore be written as: 
s- Y,A - Yop {ft cos “yp +re- Y;r if sin vl 


-¥; 8,¢+¥; 5 
(11-197) a’ a 


_ iis r - e 
Nf "ie Mon Nr ey 
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Figure II -47 


The right sides of (II-193) and (II-197) are the control 
forces and represent the means by which either the 
human pilot or an autopilot can control the motion of 
the airframe. The motion is also influenced by rough 
air (such as gusts), but this is not a phenomenon which 
the pilot can control; he can only try to avoid flying 
through such rough air. Once he is in rough air, the 
pilot has only the controls mentioned above to control 
to any degree the motion resulting from disturbances. 


The thrust and the control surface inputs are the forcing 
functions which determine the resultant motion of the 
airframe. Since the airframe equations of motion are 
linear equations, the principle of superposition may be 
used to obtain a solution. For instance, the response to 
simultaneous application of elevator and dive brake 
deflections can be determined by calculating the response 
to each of these deflections separately and then adding 
together the results to arrive at the complete solution. 


In this volume only the longitudinal response to elevator 
deflection and the lateral response to rudder and aileron 
deflection are given detailed analysis. It should be 
emphasized however, that the mathematical techniques of 
solution for the other control inputs are identical. 


The Laplace transform method* of solution is used 
throughout this volume. Equations (II-193) and (IIJ-197) 
transformed, become: 


* Gardner, M.F., and Barnes, J.L., ‘Transients in 
Linear Systeas,’ John Wiley and Sons, New York, 
1942, 


(II- 198) { ; 
[s-(X, + A‘)]u(s)- (8X; + Xy)w(8)-(SX_~ B cOs%) & (8). 
s Xs e(8) + X; 3B (8) + B'S, py (8) + Xy bps), 
- (ZyC’)u(s) ¢ (8 (1-2, )-Z,]w(s)-(s(U,+2.)-¢ sin %)0(8) 
. Z, 82(8) + Zs 8g (8)-D'bapy(s) + Z, op (8) 
-(M, + E’)u(s)- (8M, + M,)w(s) +(S2 - Mos) 6 (s) 
. M, Fe (8) + My 58 (8) + F’S, oy (8) + Ms 5p (8) 
Y Y 
: “ + & -Yr). 
(8-Y,)8(s) (sq j, 8 %9o(8)+[8(1 Ta Yo1¥(8) 
o [Ys 8a(8) ¢ ¥s,5n(8)] 
-Lp8(8) + (87 - SL,)(8)- (A, 8? + SL,)Y(8) 
° Ly 54 (8) + Ls 5a (8) 
-N8(8)- (B87 + 8N,)0(8) + (84 - SN, )Y(8) 


= Ny 54(8) + Ny 5q(8) 


where: 
A's Ty cos € 
; Fi sii’ 7, 
B’ = Ts, y COS & Iyy ‘RPM 
C's Ty sin € 
D'=Ts , sin € A, = <2 
tig Loy 
 -§ 
E’ « 1 T., I. 
Lyy B,- ei 
Bz 
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The longitudinal transfer functions written in deter- 
minant form for the response to elevator deflection 
(8, = 8+ 8, +0) are: 


(II- 199) 





Xs ~ (8X,+X,) 
Z,, (s(1-Z,)-Z,) 
Ms. - (sil +M,) 
(s-(X,+A’)] -(8Xy+Xy) —- - (BXq- COBH) 
-(Zy°C’) — (5(1-2)-Z,)]  -[5(U,+Z,)-e 8in x) 
= (M, +E’) ~ (aM, +My) (87-8) 
D, is the determinant of the homogeneous equations and 
is expanded in (II-200). 


(11-200) 


- (8X,-€ cos %) 
- (s(U,+Z,)-¢ sin %) 
(s2-M, 8) 

















ee 


u(s) , 
52(8) 







D, = As* + Ba? + Cs? + Ds +E 


where A=s1- Z, 

Be -(1-2,) ((X, + A’) +Mg]-Z,-M,(U, * Z,)-X,(Z, - C’) 

C= (X,+A’) [M, (1-Z,) +Zy ely (Uy +Z,) ]-fa, +B’) (XK, (U, +Z,) 
#Xq (1-Zy)] MyZys (Zy-C’) (MXy-Xy)-XqMy ] 
+M,g sin y,-M,(U, + 2.) 

D=g sin ¥ UM, +B)X,+M-M,(X.+A’)]+@ cos » (Z,-C’)M, 
+ (My +B’) (1-Z,)] + (M +E! )GX_(U, +2.) +ZgXq) 
+(Z,-C’) (XM o-X My) (X, +A’) (M, (U, +Z,)-M 2) 

E=¢ cos y,(M,(Z,-C’)-Z,(M, +E’) 
+g sin y,[(M,+E’)X,-(X,+A’)M,) 

The numerator determinant N, is expanded in (11-201): 


(11-201) 
where A, =X, (1-2,)+Z, X; 
By = -% [(1-Zy)Mq*ZytMy (Ug +2) } 
+2, (X.My-X,M, +X.) 
+M, _ [Xe (U, +24) +(1-Z,)X,] 
C,° Xy  (MaZy +My siny-M,(U,+Z,)) 
+Zy (XgMyr My COB ¥9-XyMg) 


N, = As? + Bs? + C.s+D, 


+My (-X,¢ sin y, +X, (U,%Z_)-(1-Z,) cos ¥,-Z,Xq). 


D, oX, (ye sin Vo) %y (Me COB ¥,) 
+My (Zy6 cos ¥,-X,@ sin y,) 


Similarly, 
(11-202) 
([s-(Xq+A’)} Xp, -(8Xq-6 COB YQ) 
(Z,-C’) Z,. -([s(U,+Z,)-¢ sin y,] 
- (My +B) M; (s?-M,8) 
wis). we 
52(8) D, 





(11-203) N, = A,s* + B, 87+ C.s + D, 
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where 
A," %. 
By - Xp (Zy-C’) +2, [-My- (XytA’)] tM, (U, +2.) 
Cam My ((U, +24) (My +E’ )-My(Z,-C')] 
+Zy (Mg (XyeA")~ (My +B’ )X,] 
tM, (Xq(Z_-C’)-@ sin y.-(U,+Z_) (Xy+A’)] 
DL- ~Xy (My +B") (a sin %q)*2y (My *E’ De COs ¥, 
tM, COQ+A De sin y,-(Z,-C')E cos ¥,) 
and 
(- 


204) (a (X,6A')) = (8XqeXq) x, 


(s(1-Z,)-Z,] Z, 






-(Z,-C') 









;Oie) - (M, +E’) >| (sé, +M,) 
_ 5 2(8) D, D, 
ae) Ny = Ags? +Bgs+C, 


Ag = 2, Mytlly (1-24) 
By° Xp f(Zy-C* )Mi,* (1-Z,) (M,+E’)) 

+Z, (MyM (Xt )+(M *B’)X,) 

My (-Zy~ (1-Zy) (Ky +A" )-X, (ZC )] 
Co Xp (My(Z_-C’)-Zy(MytE’)] 

+My | [Zy(X, tA’ )-Xy (Zy-C")] 

+Zy (~My (Xy+A) +X, (My 2B’) ] 


BE should be noted from the mechanics of the above der- 
ivation that had it been desirable to derive the transfer 
functions for any one of the other control inputs, it would 
have been necessary only to replace 5, by the appro- 
priate derivative whenever 5, appeared in the above 
transfer functions. This useful knowledge can also be 
applied to the lateral transfer functions about to be de- 
rived. To make the following transfer functions appli- 
cable to aileron deflection 5, instead of rudder deflec- 
tion 5, it is necessary only to replace 5, by §& wher- 
ever 5, appears, and to replace the quantities Y to 


L,,andN, by¥, ,l, , andN, respectively. 


The lateral transfer functions for rudder deflection, 
(5,0), can be derived as follows: 


Yh, 7 (Ys Jr 08 %) (s(1-¥))- sin y,] 

L,. (s?-sL,)) - (A,8?+8L,) 

N, - (B, 87+5N, ) (82-aN,) 
Acs) .{ * . 





(8-¥y)  -(sY,+ K cos %) 
.] 


([s(1-Y;)- & sin / 
Uo 





“La (8?-sL,) -(A,87+8L,) 
“Ng - (B,87+5N,) (8?-8N,) 
N(A/s,) 
se D, 
Note that: = y° mar similar] y? = 2 a Y° yy 
no U, a, Mo, 
(1-207) D, = 8(A8‘ + Bs? + Cs? + Ds + E) 
As l- A,B, 


Be -¥,(1-A,B,)-L,-N,-A,N,-B,L, 
C= Ng( 1-¥7) +L, (Yy#N,)=¥5 (A,NgtLy) 

+N, (A,Y,-L,) +¥, (B,L, +N.) LB, (1-¥;) 
D=-Ng[(1-¥,)L, +L, Yo +A, ft cos yq+ f sin ¥,) 

e 0 o 
+N, (Lg( 1-¥ .)+Y,L,] -LN,Y, 
s 

ell i cos Bie sin y,] 

E«= J. 8 % (igh y-N ghey +a Bin % (Nglp-LaN,) 


(11-208) Nays.) 8(A,8°*B,87+C,8 *D,) 


where 
A, = Y5, (1-A,B,) 
By Yp_(-L,-N,-A,N,-B,L,] +L, [Y,-B, (1-¥;)] 
Ny (A, Yo-(1-Y,)] 


Cy" 5, (UN er Npler] Ly Cot cos oN Y5-Np(1-¥}) 


-] 

+B, & siny)eN, (YoL,+A,& cos y, +L,(1-Y>) 
Uo R Uo 

+B sin % I 

U, 


Dgr by. E(-N, cos y, +N, sin y,] 
0 


Ny [L .cos No 7b, sin Yo] 
0 







(11-208) : 
R 


(s-Y,) Y (s(1-Y7)- Hsin y,) 


Vv 
- (A, 8°-SL,) 
(s?-sN_) 


-#(8) 
5, (8) D, 
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II-210 D 
Mess" B(AgS*+BysC, + —) 


where 
A,= Ly tN; aft 
By * Yp, (LgtAsNg) Ly (-Ne-¥y) *Ng (L,-A,Y,) 
Cy Vy (HL Ng LpNp] +hy, LYN, Ng(1-¥7)] 
Ng [-Lg(1-¥;) +¥ pL, ) 
D,« (Ns herbs Ne) Ge sin y% 


-(sY> ie cos ¥,) 
0 


(87-sL,) 
~ (B,87+SN,) 





(11-212) 
NCusee) + A,s*+B,s7+C,s+D, 


where 
Ayo Ns. +BiLs 
e 
By * Ys, (Ng*B Lg) +L, (Np-B,Yy)*Ny (-¥y-Ly) 


s 6 
Cy YS (LgNy Nel) Ly (VGN gr YyNp) 
s 


Dy = (Ly Ng-Ny Lg) a, cos Y¥, 


The above transfer functions, which are used as the 
basis of discussion in Chapter III, completely describe 
the airframe within the limits of the assumptions made 
in their derivation. The assumptions are repeated here 
for reference. 


ASSUMPTIONS 
I. The airframe is assumed to be a rigid body. 


Il. The earth is assumed to be fixed in space, and, 
unless specifically stated otherwise, the earth's atmos- 
phere is assumed to be fixed with respect to the earth. 


III. The mass of the airplane is assumed to remain 
constant for the duration of any particular dynamic 
analysis. 


IV. The x-z plane is assumed to be a plane of sym- 
metry. 


V. The disturbances from the steady flight condition are 
assumed to be small enough so that the products and 
squares of the changes in velocities are negligible in 
comparison with the changes themselves. Also, the 
disturbance angles are assumed to be small enough so 
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that the sines of these angles may be set equal to the 
angles and the cosines set equal to one. Products of 
these angles are also approximately zero and can be 
neglected. And, since the disturbances are small, the 
change in air density encountered by the airplane during 
any disturbance can be considered to be zero. 


VI. During the steady flight condition, the airplane is 
assumed to be flying with wings level and all components 
of velocity zero except U,. Since stability axes are now 
used as reference axes, W, ° 0. 


VI. The flow is assumed to be quasi-steady. 


The main problem associated with the use of these trans- 
fer functions is the determination of the numerical values 
of the stability derivatives. Over a period of years, 
considerable experience in the application of these equa- 
tions to many varied airframe configurations flying at 
low subsonic speeds has been gained. For the low sub- 
sonic speed range, it may be said, in general, that there 
is good agreement between the results of theoretical 
analyses and of experimental flight tests. 


Experience in the correlation of experimental flight test 
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results and theoretical analyses of the dynamics of air- 
planes flying in the transonic and supersonic sperd 
ranges is definitely limited at this time. In view of this 
lack of experience, no attempt is made to draw any firm 
conclusions regarding the dynamic behavior of aircraft 
flying at these speeds; however, some rather general 
remarks can be made. The assumption of quasi-steady 
flow does not appear to be very accurate for airplanes 
flying at transonic speeds; consequently, unsteady flow 
effects may have to be introduced into the transfer fune- 
tions for the results of an analysis to have practical 
value. The outlook seems to be more favorable for 
purely supersonic flow. The time lags for the forces 
to approach steady values appear to be of the same order 
of magnitude as in subsonic flow with at least one excep- 
tion, this being the lag in the damping of a wing in pitch 
for the lower supersonic Mach numbers. In general, the 
basic theory used in the derivation of the transfer func- 
tions can be applied to an airplane flying at either sub- 
sonic, transonic or supersonic speeds, but caution must 
be used to ensure that all of the necessary stability de- 
rivatives are included. 





CHAPTER Ill 


DISCUSSION OF TRANSFER FUNCTIONS 


SECTION 1.— INTRODUCTION 


In this chapter, the transfer functions previously derived 
are analyzed with the aim of promoting an intuitive un- 
derstanding of the aircraft motions represented by these 
transfer functions and of showing how an analog com- 
puter may be used in the analysis. 


Some comments relating to transfer functions in general 
aie presented first; the rest of the chapter is devoted 
to a detailed discussion of the longitudinal and lateral 
transfer functions. 


The transfer functions derived in Chapter II are sim- 
plified by neglecting relatively unimportant terms; they 
are then evaluated numerically for a representative 
high-performance jet aircraft at a typical flight condi- 
tion, that is, for an airframe which has dynamic char- 


acteristics similar to those occurring during most [light 
conditions. 


Complete three degree of freedom responses to a control 
surface deflection for the longitudinal motions are 
analyzed first; then some lesser degree of freedom 
solutions and approximate factors of analytical value are 
determined by inspection of Bode plots and analog com- 
puter solutions of the complete case. The lateral mo- 
tions are treated similarly. The simplified solutions 
are used to determine the relative importance of the 
individual stability derivatives to the various modes 
of motion. 


Analog computer solutions are given which demonstrate 
the effect of flight conditions and of individual dimen- 
sional and basic non-dimensional stability derivatives . 


SECTION 2 - GENERAL DISCUSSION OF TRANSFER FUNCTIONS 


This scction presents certain general information re- 
garding transfer functions in preparation for the de- 
tailed analyses in the remainder of the chapter. Methods 
of presenting the results obtained by working with the 
transfer functions are also considered at this point. 


These transfer functions have already been derived in 
Chapter II and shown to be of the form N(s)/D(s), where 
both N and D are rational polynomials in the complex 
variable s. D(s) is the expansion of the system deter- 
minant, that is, the expansion of the determinant of the 
coefficients in the homogeneous equations of motion. 
The conditional equality, D(s) <0, is referred to as the 
characteristic equation of the system and is related to 
the functional form of the transient motion of the air- 
frame. The roots of this characteristic equation deter- 
mine the functional form of the transient motions of the 
aircraft. For example, if pcs) «Ast +Bs3+Cs?2+Ds+E 
« A(5 + 4,)(8+ 43)(8+a5)(S+a,) , the time histories of 
the transient motions of the craft are of the form: 


-a,yt “apt -a;t sagt 
K,e +K,e °F" ¢ Kje°%9" + Kgan Ss 


where the K's depend upon both numerator and denom- 
inator quantities in the transfer function and where the 
a's may be complex as well as pure real quantities. 


If two of the a‘s, say a; and a,, are complex con- 
jugates, the time histories may be written in the form 


K,e rayt y Ke raat y KGe°"* sin (wt +o) where a, «. 
and ¢ are functions of the real and imaginary parts ci 
a, and a,. 


When the time histories are written in this way by com- 
bining any complex conjugate terms, they consist of sul- 
sidences (real exponentials with « >0), divergence. = 
(real exponentials with a <0), and oscillations (compe x 
exponentials). 


Each term of these type ({:wl:.d-nces, divergences , 
and oscillations) is reicrr:d ic a a mode of the air- 
craft transient motion. {s: v:.2 cca. nple considered , 
the term K,e"*: tis one moc.; K,e°*2*, another; and 
Ke" *tsin(wt + >), a third, 


Since the major concern of this volume is the transicuit 
response of the airframe, much of the discussion is in 
terms of the modes of the transient motion. 


The complete solution of the system of linear difie: - 
ential equations which describe the motion of a dynamic 
system is the sum of a steady-state and a transivat 
solution, provided that a steady state exists, a condition 
which occurs only if the system is stable. The stability 
or instability of a system can be determined by applyia.: 
Routh's criterion to the coefficients in the character i. cic 
equation, and the degree of stability (or instability) can 
be determined by finding the routs of the characterise 
equation. 
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A system is stable if, and only if, the transfer function 
has no poles in the right half of the complex s-plane. If 
N(s) and D(s) have no common factor, the last statement 
is equivalent to saying: A system is stable if, and only 
if, the characteristic equation has no zeros in the right 
half of the complex s-plane. (If N and D do have com- 
mon factors, these must, of course, be cancelled out 
before applying this second test for stability.) The 
steady-state solution for a stable system corresponds to 
the system response to a sinusoidal forcing function 
after a sufficiently long time has elapsed from the ap- 
plication of the sinusoid so that the transient response 
_ has damped out to a negligibly small amount. 


The frequency response, or Bode plot, is a valuable 
design tool for the determination of the system transient 
characteristics, It consists of two parts: one, a plot 
of transfer function amplitude in decibels, and the other, 
a plot of transfer function phase angle, both plotted 
against the logarithm of the frequency. The Bode plot 
can be obtained from the transfer function by substituting 
jw for g. 


Whether the system represented by the transfer function 
is stable or unstable, this substitution leads to a result 
mathematically identical to the solution of the non- 
homogeneous equations of motion of the system with a 
sinusoidal forcing function. | 


If the system is stable, the information required for 


plotting a Bode chart can be obtained experimentally 
by exciting the physical system with a sinewave af 
variable frequency and measuring the responses after 
the transients have died out. For a stable system, only 
one plot is essential, since the phase angle is a known 
function of the amplitude. Bode diagrams can also be 
obtained by reduction of transient data, but much more 
analytical work is required. 


Results of analyses in this chapter are to be presented 
both as Bode charts and as functions of time by means 
of analog computer recordings. 


Although the Bode chart is basically a system design 
tool, it also yields information concerning transient re- 
sponses; this latter use is the one emphasized in this 
chapter. These Bode charts of airframe transfer func- 
tions give data in a form which the control systems de- 
signer can readily use. 


The analog computer is an especially valuable tool for 
analyzing the dynamic response of complicated systems 
because it yields large amounts of quantitative data 
quickly and easily. The analog computer traces are 
plots of certain variables as functions of time. Identical 
results could be obtained by taking the inverse Laplace 


_ transform of the transfer functions and plotting the re- 


sulting expressions against time, but this procedure 
would require far more time and effort. 


LONGITUDINAL TRANSFER FUNCTIONS 


SECTION 3 - COMPLETE THREE DEGREE OF FREEDOM RESPONSE TO ELEVATOR DEFLECTION 


In this section, the complete three degree of freedom 
response of an airframe to an elevator deflection is 
examined. As mentioned previously, the transfer func- 
tions derived in Chapter II are to be simplified before 
proceeding with the analysis. 


In comparison with other terms appearing in (II-198) , 
several terms are small in magnitude because they 
contain stability derivatives, such as x,, Xoo Zy Xs 


and T,, which are usually very small. The derivative 
Z, is relatively unimportant because it appears as an 
addition to U, in the Z force equation of motion and is 
always small in comparison with U,. 


ASSUMPTION VIII. It is assumed that: 


Kye Xge Zeeks Zoe Tye Ty 0 


RPM 


Perhaps the best gener:l evidence in justification of 
Assurnption VIII is that t!.- derivatives named in it rarely 
appear in the technical literature concerned with air- 
craft dynamics. The inference here {is that although 
individual investigators have evaluated the effects of 
these derivatives for a multitude of various airframe 
configurations, they have found them to be of only sec- 
ondary importance. The adoption of Assumption VIII 
does not in any way alter the methods of analysis applied 
ia the remainder of this chapter, but it must be re- 
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membered that if any of these derivatives were actually 
of primary importance for a particular airframe, er- 
roneous quantitative data might result from the use of 
this assumption in the analysis of that airframe. 


In general, any stability derivative may be neglected if 
it is first determined that the term containing the given 
derivative is small in comparison with other terms in the 
same equations. 


ASSUMPTION IX. _ In the steady flight condition, the 
flight path of the airplane is assumed to be horizontal: 


FeO s 


Assumption IX is introduced sole » i+ inplify the 
mechanics of the analysis. Whenth: path of an 
airplane is initially inclined to the hori. i, +, must 


of course be included in the transfer functions. 


The longitudinal transfer functions derived in Chapter II 
are simplified into the following forms by the use of 
Assumptions VIII and IX: 


(III-1) _u(s) . Nu. Bus? * Cus * Dy 
b4(3) D, D, 
by ts Xy 
Cy? 74 CEM ¢ MyXy) ¢ My UN - 2) 


D,, = n(M, ar ” Myés . 





(11-2) w(8) | Nw, AS? + ByS? + Cys + Dy 
5g(8) D, Dy 

Aye “3, 

By = ~Zy 5 (Mg + Xy) +My 2U, 

Cy * Xu(Zy eM - My BU) 

D, = &(Z, M, ~ M; 2.) 

6(8) | No, ApS? + Bes + Cy 

5p(8) Dy D; 

A, ° 2 Myo M,. 

By = Zy (My - MyXy) - Ms 2 (Xo * Zy) 

Cos 2%, 2 (MaXs ~ M,X,) +M; 3 XyZy : XZ) 

(tI-4) D, = As‘ + Bs? + Cs?+ Ds+ E 
Ael 
Ba = (My +Xy+ Zy + UsMy) 
CoM MyZ, - U,M, + X, (Mg * Ze : UgMy)-X,Zq 
De-X, (M,Z ~ UjMy)-M,U,Xy*MgMyZ, +6 (MZ +My) 
E= 6(M,Z, - M,2,) 


(I1-3) 


For the numerical analysis in this section, the data in 
Table II-1 are used. 


Altitude (ft) 

Weight (lbs) 

Mach Number — 

True Airspeed (ft/sec) 





Table III-1 


Substituting these data into (IL-1), (III-2), (IUI-3), and 
(ILI-4) yields the following set of equations: 


(1-5) 

§4(8) (6*+ 4.2108 + 18. 242) (8° + 0.009018 + 0, 00396) 
Gals), 1 ws), 69.835 + 1734387 + 168.48 + 80. 25 

8. (8) U, 8,(8) (8494, 2105¢ 18. 242) (3*+0. 0090 18+0. 00396) 
O(n). 2+ 35,968 + 0, 3902 

82(8) (8494. 2108+ 18. 242) (87+. 0090 14+0. 00396) 
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(111-5) are not written according to the convention selected 
for writing transfer functions; instead, they are to be 
written in the form: 


Transfer Punction = KG (8s) 


where K is the frequency invariant part, and G(s) the 
frequency dependent part, of the transfer function. 


In the KG(s)form, (III-5) become: 





(I-6) 
: i 1 
U(8) = - 15920 = : : 
5, (8) ana sv1)(3 eer 41 
os On, are @ 
(11-7) : ; 
at 


ena 2(0, 0713) 
4 a(S) 2 1340 (738-5 +1) (0, 068)" 0. 068 a 
55(8) s?  2¢ 2e : 


Ss 
5. p ap 
(az + On. Ss + (33 Vi Gace eor 4 





8D sD 
(11-8) | 
é 8 § 
na 4.85 —> ; : ? 
5 8 
a(S) ort a2 set) + geet sel 
May a) wor Xap 
where 
W@W, = 4.27 wy 7 0.0714 
Cap 7 0.493 tC, * 0.0630 


Inspection of the roots of the characteristic equation 
(commonly called the "longitudinal stability quartic") for 
these degrees of freedom shows that the characteristic 
longitudinal motions consist of two oscillatory modes. 
One of these is a relatively well damped high frequency 
oscillation called the short period mode, and the otrer 
is a lightly damped relatively low frequency oscillation 
called the phugoid mode. Both are discussed later in 
more detail. 


Figures III-1, ilf-2, and II-3 are Bode plots of (11-6), 
(IH-7), and (IH-8) respectively. By examining these 
plots, several conclusions can be drawn concerning toe 
phugoid and short period modes of the transient re- 
sponse of the airframe. 


Figure l1II-1 shows that the amplitude ratio, = , is 


much smaler at the natural frequency of the short per iod 
than at that of the phugoid. This indicates that relatively 
smaller changes in airspeed occur during the short 
period transient mode than during the phugoid transient 
oscillation. 


By inspection of Figure MlI-2 or equation (II-7), it may 
be seen that a quadratic in the numerator of the As 

“BK 
transfer function very nearly cancels the denominator 
quadratic which represents the phugoid oscillation. Cun- 
sequently, there is almost no change in angle of attack 


during the phugoid oscillation. 
Lh-3 
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Deflection. Three Degree of Freedom 
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Figure IlI-3 shows that the values of the amplitude ratio, 
| = , at the short period and the phugoid natural fre- 


E 
quencies, are more nearly equal than those of | re 


at the same frequencies. This implies that the ampli- 
tudes of 6 occurring in the characteristic modes are 
more nearly equal than those of u, for the same inputs. 


Inspection of the Bode plots shows that only relatively: 


small amplitudes of u occur in the short period mode., 
and of a in the phugoid mode, whereas larger ampli- 
tudes of 9 occur in both. 


These observations indicate that good approximations to 
these modes can be obtained by considering that each 
of them consists of only two degrees of freedom: the 
phugoid, of u and 6 degrees of freedom, and the short 
period, of a and @, 


Before the approximate transfer functions are discussed , 

these conclusions concerning the relative amplitudes are 

verified by inspection of analog computer results. 

one IlI-4 shows the appropriate analog computer 
races. 


From this figure, it can be seen that the maximum 
amplitude of u is very much smaller in the short period 
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than in the phugoid, and that the maximum amplitude of 
w( *U,a) during the phugoid is very nearly zero. Fur- 
ther, the maximum amplitudes of ¢ in each mode are 
comparable in magnitude. All these facts are in agree- 
ment with what was inferred from the Bode plots. 


The characteristic response of an airplane to an im- 
pulse elevator deflection can be described as follows: 
When the elevator is deflected, the airplane undergoes 
a rapid change in both pitch angle and angle of attack. 
The angle of attack rapidly returns to approximately 
its initial value; the airplane then slowly oscillates in 
forward speed and pitch angle until the transient motion 
disappears and the airplane resumes its initial flight 
conditions. 


On the basis of the analysis presented above, the equa- 
tions of motion are now used to derive some approximate 
transfer functions. Equations (II-198) reduced by apply- 
ing Assumptions VIII and IX and by considering only 


elevator defle : 
(I-89) ; (s+ X,)u(s) - X,w(s) + (8) =0 
-Z,u(S) ¢ (S- Z,)w(s) - SU,0(8) = 2, 5 (8) 
ONT): ON + My) w(s)+(8- Mg)S8(8) = Ms 52(S) 


SECTION 4 - TWO DEGREE OF FREEDOM SHORT PERIOD MODE APPROXIMATIONS 


The two degree of freedom approximation to the short 
period mode can be determined by setting the variation 
in forward velocity, u, equal to zero and deleting the 
first relation of (11-9). This is in accordance with the 
previous statements that u is of relatively small ampli- 
tude in the short period mode and that a suitable two de- 
gree of freedom approximation can be obtained by con- 
sidering only the a(i.e.,w) and 6 relations. 


(11-10) (8- Z,)w(s) - 8U,9(s) = 2, 5,(s) 


- (SM. + ML) w(8)+(S - M,)88(s) 2 Ms 8 2(8) 


Solving this system of equations leads to the transfer 
functions: 


(IlI- 11) a(s).. 1 _wis) 
§2(8) U, 5p(8) 


1 2, 8+(U,M; = Zs Ma) 
Up (su M, + Z, + Wg) 8+ (MgZ, - UMy) 
(I-12) 
8(s) . (My. + Zp My) S+(Z, My ~ Ms .Z,) 
5e(8)  s[52- (UM, + Zy +M,)S+(MaZy- U.My) 


The common part of the denominators of these transfer 
functions is of the form s2, 2lw,S + of with: 


(11-13) 
w, * MZ UM, 


and 


(III- 14) re - (UM, + Z, + Ma) 

2, 
Evaluating (II-11) and (I-12) for the numerical values 
of the stability derivatives from Table I0-1, and arrang- 


ing the results in the kK G(s) form, yield: 


(III- 15) so] 
aia) (a) = 1.44 
E — + sp 
on ay 
and 
(11-16) _6(s i371’) 
Fels) “1988 Ta 
=] w, On 8 ¢ i) 
sp BD 
where ney « 4.27 rad/sec. and C,, = 0.493 


Figures III-5 and III-6 are Bode plots of (III-15) and 
(IlI-16) respectively. The analog computer solutions of 
the equations for the two degree of freedom approxima- 
tion to the short period mode are shown in Figure II- 7. 


To check the accuracy of this two degree of freedom 
approximation, three comparisons are made: first, 
thenumerical values of the appropriate ratios and natural 
frequencies in (III-6) and (III-16) are compared; second , 
the Bode charts of Figures III-2 and I0-5, and of Figures 
IlI-3 and IIJ-6 are superimposed; and third, the analog 
computer traces of the two and three degree of freedom 
solutions are compared. 


IlI-7 
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Figure III-4 Analog Computer Record of Time History for Pulse Elevator Deflection. 
Three Degree of Freedom 
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Figure III-5 Change in Angle of Attack Response to Elevator Deflection. 
Two Degree of Freedom, Short Period Mode 
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Figure II1-6 Pitch Angle Response to Elevator Deflection. 
Two Degree of Freedom, Short Period Mode 


Table III-2 contains the values of ¢,, and ,,, for both 


the two and three degree of freedom cases. It can be 
seen that these values check exactly. 


SHORT PERIOD MODE 


Tt [ontradveeey 
Poasat a7 


Two Degrees of Freedom 
Three Degrees of Freedom 


Comparison of { and w, of two degree and three 
degree of freedom short period mode. 


TABLE III-2 





In Figure III-8, the two degree of freedom 4o/5, transfer 
function (from Figure III-5) and the three degree of 
freedom Aqc/5, transfer function (from Figure III-2) 
are plotted. Figure IJI-9 shows the plots of the three 
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degree of freedom (from Figure IJI-3) and two degree of 
freedom (from Figure III-6) 6/8, transfer functions. In 
bot cases, it can be seen that there is very good agree- 
ment in both phase and amplitude ratio in the vicinity of 
the short period natural frequency. 


As a final check, the two and three degree of freedom 
solutions of the equations of motion from the analog com- 
puter are superimposed in Figure III-10, which shows 
that there is excellent agreement between them. 


In summary, the two degree of freedom solution of the 
pitching moment and vertical force equations of motion 
is a very good approximation to the short period mode. 
For a typical flight condition, the short period mode can 
be considered to consist of changes only in angle of 
attack and in angle of pitch; the short period motion 
occurs before there is any appreciable change in forward 
speed. 


SECTION 5 - TWO DEGREE OF FREEDOM PHUGOID MODE APPROXIMATIONS 


As indicated in Section III-3, the quantity w, the in- 
¢cremental velocity in the z direction, is almost exactly 
zero, but u and @ undergo relatively large variations in 
amplitude during the phugoid motion. 


These facts suggest that an approximation to the phugoid 
may be obtained by setting wo in (III-9); the result of 
doing this is: . 

(s- X,)u(s)+g0(s) =0 

-Z,u(S) - SU,9(S) * Z; gk (S) 


(1-17) 


-M,u(S) + 8(8- M,)0(S) = My 52(8) 


Since three equations in two unknowns have no solution 
in general, it is necessary to eliminate one equation of 
(III-17); this can be done on the basis of physical rea- 
soning. 


In general, the stability derivative M, is extremely small 
and is therefore usually assumed to be zero as it has 
been for the generic aircraft which provides the numeri- 
cal values used in the present discussion. Further, the 
phugoid motion of an aircraft is so slow that the inertia 
forces acting during it can be assumed negligible. If 
both these assumptions are used, the last relation of 
(III-17) becomes: 


(11T- 18) -SM,9(8) = M, oon (8) 


If this last relation is combined with either of the first 
two of (III-17), the characteristic equations of these two 
approximate systems cannot have complex roots; that is, 
the systems represented by these pairs of equations can- 
not oscillate. To obtain an oscillatory solution, it is 
oe necessary to use the first two equations of 
III-17): 


(s- X,)u(s8)+gA(s) «0 
-Z,u(s8) - 8U,9(s) = Zs Oe (8) 


(III- 19) 


se 


The resulting transfer functions are of the form: 


(III-20) u(s) | Z,_ & 
3@(8) U, (5?- X,8- ) 
0 
and 
m2) 6 (8 7 (8 XZ; 
5.(S) Z,,& 
U,(s? -xyer oe 


and hence the natural frequency and damping ratio of 
the approximation to the phugoid are %° J-Z,2/U, 


and {,«-X,/2 On, respectively. 

By substituting the appropriate numerical values from 
Table III-1 into (III-20) and (III-21) and arranging the 
results in the KG(s) form, the transfer functions become: 


(I-22) 


u(8) . 739 1 
(8) (sry, ) 
w,2 Wy 
ry p 
and 
3, Sa BS +] 
(m1-23)  —263) « 0.220 (aia) 0.009 
E (or + 2b a) 
w w,, 
a» p 
@, = 0.0683 
where . 
tC, = 0.0710 


Figures III-11 and IM-12 are the Bode plots of (III-22) 
and (III-23), respectively. The analog computer solu- 
tions of the equations for the two degree of freedom ap- 
proximation to the phugoid mode are shown in Figure 
I-13. 


’ The accuracy of the two degree of freedom approximation 


to the phugoid mode can be checked in the same manner 


I-11 


Chapter III 
Section 5 


+ 20 


u( ft/sec... 
° 


+ 20 


w(ft/sec) 
ron) 


- 20 


¢.05 


@(rad) 
o 


-,05 


Loo tf y | a ft yt ay | a tl 


0 10 20 30 40 30 60 70 80 90 


t(sec) = 


Figure III-7 Analog Computer Record of Time History for Pulse Elevator Deflection. 
Two Degree of Freedom, Short Period Mode 
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Figure II1I-8 Change in Angle of Attack Response to Elevator Deflection. 
Two Degree of Freedom (Short Period) and Three 
Degree of Freedom Cases m-13 
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Figure III-9 Pitch Angle Response to Elevator Deflection. 


Two Degree of Freedom (Short Period) and Three 
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Figure III-10 Analog Computer Record of Time History for Pulse Elevator Deflection. 
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Figure III-11 Forward Speed Response to Elevator Deflection. 
Two Degree of Freedom, Phugoid Mode 
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Figure II1I-12 Pitch Angle Response to Elevator Deflection. 
Two Degree of Freedom, Phugoid Node 
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as the short period approximation was checked in the 
preceding section. Table MI-3 shows that there is rea- 
sonably good agreement between values of ¢, and of 
on for both the two and three degree of freedom cases, 


PHUGOID MODE 
Tt [ag trad see) 
[o-o7i0| 0.0683 


Two Degrees of Freedom 
Three Degrees of Freedoa 


Comparison of { and w, of Two Degree and Three 
Degree of Preedom Phugoid Mode. 


TABLE III-3 





Figure III-14 shows the two degree of freedom u/5, 
transfer function (from Figure III-11) and the similar 
three degree of freedom transfer function (from Figure 
Ifl-1). The plots of the three and two degree of freedom 
6/8, transfer functions are shown in Figure I-15 (from 
Figures II-3 and I-12 respectively). 


Figures II-14 and III-15 indicate that both the u/5,and 
6/8, two degree of freedom approximate phugoid transfer 
functions are of smaller amplitude than the equivalent 
three degree of freedom functions, and are shifted 180° 
in phase with respect to them. These differences can be 
explained by considering how the elevator deflection 
contributes to the motion. 


In the three degree of freedom case, a positive elevator 
deflection causes the airplane to pitch in the positive 
direction (nose up) because of the relatively large posi- 
tive Ms. and produces at the same time a small vertical 


force downward because of the relatively small 25, 


The result of the pitching moment is an increase in pitch 
angle in phase with the elevator deflection, and the result 
of the vertical force is a small downward velocity pro- 
ducing a small positive increase in angle of attack also in 
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phase with the elevator deflection. Since the lift in- 
creases in direct proportion to the angle of attack, these 
changes cause the airplane to climb with increasing 
pitch. As the pitch angle increases, the component of 
the force of gravity along the negative x axis increases, 
causing the airplane to decelerate. Therefore, the 
change in forward speed is out of phase with the elevator 
deflection. 


In the two degree of freedom case, the change in angle 
of attack is set equal tozero. Since only the equations of 
the forces in the x and z directions are used in this two 
degree of freedom approximation, an elevator deflection 
is assumed to produce only the downward force due to 
Zy For the angle of attack to remain zero, the airplane 


must pitch in the negative direction (nose down). This 
increases the component of the force of gravity along 
the positive x axis, andthe airplane therefore accel- 
erates. Thus, in the two degree of freedom case, the 
change in forward speed is in phase with the elevator 
deflection, whereas the change in pitch angle is out of 
phase with it. If the phases of both the 0/5, and u/5, 
approximate transfer function plots are shifted by 180° , 
they agree reasonably well, in the vicinity of the phugoid 
frequency, with the plot of the three degree of freedom 
transfer function. 


Figure I-16 shows the analog computer solutions of the 
two and three degree of freedom equations superim- 
posed. In each case, the two degree of freedom solu- 
tions have a smaller amplitude and a 180° phase shift 
compared to the three degree of freedom solutions, 
whereas the frequencies are in relatively good agree- 
ment. 


In summary, it appears that the two degree of freedom 
approximation to the short period mode is in good agree- 
ment with the complete three degree of freedom short 
period mode, whereas the two degree of freedom ap- 
proximation to the phugoid mode yields only reasonably 
good agreement with the exact value of the phugoid 
natural frequency ard damping. 


SECTION 6 - ACCELERATION TRANSFER FUNCTIONS 


Transfer functions which relate to the acceleration, as 
measured by an accelerometer carried with an air- 
craft, are important because an accelerometer may 
be used as the sensing element in an autopilot. 


However, the acceleration thus measured is not identical 
with the acceleration of the aircraft due to its flight 
path. For example, the resultant acceleration measured 
by an accelerometer located at the c.g. of the craft is 
the vector sum of the acceleration due to a curved flight 
path and the component of the gravitational acceleration 
along the axis with which the accelerometer is aligned. 
If the accelerometer is mounted so that it measures ac- 
celerations along the Z -axis, it gives a reading even if 
the airplane is flying in horizontal, unaccelerated flight . 
This reading is due solely to the force of gravity. 


Because accelerometers may be used as sensing ele- 
ments, transfer functions relating the actually measured 


accelerations to control surface deflections are of more 
value to the systems engineer than are those given in 
terms of the accelerations undergone by the airframe due 
to its flight path. Therefore, this section is concerned 
with transfer functions relating specifically to quantities 
measured by accelerometers aligned along the x and z 
axes. 


If the airframe is initially in unaccelerated horizontal 
flight and is then disturbed from this condition, the 
change in acceleration registered by an accelerometer 
located at the c.g. of the craft and aligned along the z 
axis, 4, , will be proportional to the acceleration of the 
airframe plus the change in the component of the grav- 
itational acceleration along the z axis. 


(11-63) show that the sum of these two changes is exactly 


the quantity on the left side of the second equation 
Modifying this relation in accordance with Assumptions 
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Figure III-14 Forward Speed Response to Elevator Deflection. 
Two Degree of Freedom (Phugoid) and Three Degree of Freedom Cases 
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Figure III-15 Pitch Angle Response to Elevator Deflection, 
Two Degree of Freedom (Phugoid) and Three Degree of Freedom Cases 
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VMI and IX, the substance of the relevant equation may 
be written as; 
(III-24) a,=W-U,q* ZweZiue Z5 be 

Since y,=0, according to Assumption IX and the as- 
sumption of small perturbations, the change in the gra- 


vitational acceleration does not appear in the expression 
for a,. 


The acceleration recorded by an accelerometer located 
at the cg of the airframe and aligned with the x axis, a,, 
can be obtained from the first equation of (I-63) simpli- 
fied in accordance with Assumptions VIII and IX: 

(111-25) a, s+ e0=X ue Xw 


The transfer functions = and = are: 
R . 


(I1I-26) 


iS 


(8) © Xy i (8) + Xe Be (8) 


om 
oe] 


(III-27) 


ab? 


s LL ae 
(8)* 2, % (a) +2, BL (8) + 2, 


(III-26) and (111-27). can be expanded in terms of the 
stability derivatives by using (III-1), (II-2), and (II-3) . 
The results are: 


(111-28) a, _ 4a,8>+ By,87 + Cy 8+ Dy, 
5p D; 
where At ela, 


B.. ° X,(M, Yo ~ NQZ,,) 
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Ca, -BXy(My - MyZy) 
D,. = E(X,,(M, ale - 2 ge) +Xy(MyZs - Ng p2u)) 
(Ag,8° + Bg8?+ Cys + Da.) 


Og , Sife,S * Pa,8) * ba, * Maz) 
(I-29) = D, 


tag 8 

B,. «Zs (Ma + MU, ¢ X,) 

Cy My UoZy + Zp, [Xy (My + Ugly )-UgMy] 

Dy Ms Wal %eZaurXeeq)“ BL) Zp (Uy MXyrM,X,) +8) 


where 


Inserting the numerical values of the stability deriva- 
tives from Table II-1 into (I-28) and (1-29) results in: 


(III- 30) 


s? 2(0. 228 \ 8 
8.8) «154 [Samy + OSE ot oe. See ee | 
gS 2(0. 0714) 8 2(0. 463) 


los * 0,063) eet | oat 4.21 et] 








ore 8 +1)\(_& -1 (—5 +1 
5 7gj" 2060 Fed aoe B+ 1 bar s+1] 


The Bode plots of (III-30) and (IJI-31) are shown in 
Figures [I-17 and IlI-18. 


It should be noted that the change in altitude can be found 
directly from (IlI-24): 


(II-$2) ahs ffa,dt = fflw-U,a) dt 
es 
a o, 8? Be 


SECTION 7 - APPROXIMATE FACTORS OF LONGITUDINAL TRANSFER FUNCTIONS 


Since it is possible to find the roots of a quartic in terms 
of its coefficients, it is theoretically possible to express 
the roots of the longitudinal characteristic equation ex- 
plicitly in terms of the stability derivatives. However , 
actually finding the roots by this method is wholly im- 
practicable because of the amount of labor involved and 
the complex form of the end results. 


It is possible and practicable, however, to derive an 
approximate factorization of the stability quartic, which 
provides good approximations to the natural frequencies 
and damping ratios under certain frequently occurring 
conditions (to be stated later). 


In this section, approximate factors of both the numera- 
tors and the denominators of the transfer functions 7 


~ : 2 , and =s are discussed, and the condition under 
g B 

which the approximations are valid is stated. The 

factors are presented as explicit functions of particular 

stability derivatives. 


These approximate factors are valuable in obtaining a 
quick estimate of the exact factors. In addition, they 
give some insight into which stability derivatives are the 
major contributors to the time constants, to natural fre- 
quencies, and to damping ratios of the transfer functions. 


An approximate factorization of the longitudinal char- 
acteristic equations, generally accredited to Bairstow , 
can be derived in the following manner. 


The longitudinal characteristic equation is: 


(111-38) D,+As*+Bs°+Cs?+Ds+E«0 


which can be written in factored form as: 


(I1I-34) D,-(s%+as+b) (s8%+a8+f) = 0 
J FOES 


ena 

short period phugoid 
In general, the quantities B and C are considerably 
larger than D and E. This is true when the short period 


_ natural frequency and damping ratio are much greater 
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Figure III-17 Forward Acceleration Response to Elevator Deflection. 
Three Degree of Freedom 
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AIRFRAME APPROXIMATE COEFFICIENTS AND FACTORS—LONGITUDINAL TRANSFER FUNCTIONS ° 


Sas w iNew. 9 No. a, Ne, *ASSUMPTIONS USED: LEVEL FLIGHT CONDITIONS, 
& DD,’ & Db,’ 5 D,' & D, LoL y, eX, °Xg9Z,°X, = T, 20 
DENOMINATOR D,: 

D,0A 84sBs7+C s7+D s¢E * (87 +B Ce a s+ 8) 

A =1 


Bs ~ UM, -M,-Z, 

C 3M .Z,-UlM, 

DF ~Xq (Waly —UgMy) ~My (XqUy ~ 8) 
E *¢(Z.M, -M.Z,) 


2 2 
D, *Ky BT, ala gs+l1 Br ate aad 
|. @ 
hee Sap of, “ap 


short period phugoid 


| t 
/ f | 
7 KD * 6(Z.M, -M,2Z,) “a, * (Vay) g(MZ, -M,2,) 
ate. Copa, My(UQX, - 8) ~ X,Zgll 
| p * iy age dy, Nee 
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| ‘ 


Cp . ~X,/2e, 


a ° [u 2, ~U ou, 


Lap 7 (1/21,,) ( = Ugly - 2y -M,) 
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DIVIDE BY KD TO OBTAIN COMPLETE APPROXIMATE D.C. GAIN OF THE TRANSPER FUNCTION. 


(THIS APPLIES TO ALL THE FACTORED NUMERATOR EQUATIONS. ) 
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than the corresponding quantities for the phugoid. Since 
this is generally true, a and b can be considered large 
in comparison with a and 64. 


Expanding (III-34) yields: 


(III-35) D, =s4+(a+a) 53+ (b+aa+f) 82+ (abe af) s+bA 


By equating coefficients of like terms in (I-33) and 
(III-35): 


Beata Deab+eaé 


(III- 36) 
Ceb+aa+f E« bf 


and by neglecting relatively small quantities on the 
right sides of (III-36): 




















(111-37) pra C eb 
“f 
eEYE 
B b C p - BE 
D-afn Cc DC - BE 
as s s 
b Cc C2 
where ‘+’ means "is approximately equal to". 
Then: 
(111-38) ~ _2 2,DC-BE_.E 
/ D, = (8% ¢Bs +C) 8*+ mE s +B) 
short period hugoid 
In this expression: aed 
B=2U C= at DC - BE . ay 
or tO aP “D gp C2 pny 
w eC! 
Qgp 
Po, wi ee 
sas Pome [i 
| Pu 
4 A 
t,, = BC, BE, DO-BE 
2a, alcie’ 


(ItI-38) is generally more useful when it is written in 
terms of damping ratios and natural frequencies: 


(III-39) 7 
D,* s?_ ,2bep o 41 ‘gp? 2h 
\ a2 « a2 «4 
‘sp "gp "pp Op 
where 
| KD, “np “a ae 


By writing out the expressions for the coefficients in D, 
in terms of the stability derivatives, by substituting the 
results into the above expressions for the approximate 
natural frequencies and damping ratios, and by neglect- 
ing in the results all terms whose values are small in 
comparison with other terms to which they are added, 
the quantities tn gp? “np? (sp » and (., are then given 


in ter:::: of combinations of stability derivatives: 
fies = [m.z, - Uolte } 


-1 
cep os (ULM, +2, + M,) 





2 aap 
sp | 
caeKart bapeap Ma (Uoky ~ 8) ~ Ky 
" ny Mngp aay “lee | 


| Approximate factors have also been derived for each of 


the numerators in the tg ; a and —2 transfer func- 


tions. These approximate factors have been checked 
with the exact factors of the transfer functions of a con - 
ventional cruciform configuration airplane at a variety 
of flight conditions and have yielded reasonably good 
agreement. The ate factors are summarized in 


Table IlI-4 on pages III-26 and II-27. 


SECTION 8 - EFFECT OF SINGLE DIMENSIONAL STABILITY DERIVATIVE VARIATION 


In this section, the longitudinal characteristic equation 
is evaluated for numerical values of the stability deriva- 
tives for a particular flight condition. The effect of 
separately varying each of the stability derivatives in the 
characteristic equation is then presented in the form of 
plots of the natural frequencies, damping ratios, and 
time constants of the characteristic equation as functions 
of each derivative. 


All plots presented are for one particular flight condi- 
tion, Therefore, predictions and conclusions based on 
an examination of these plots are strictly applicable only 
to the given flight condition. However, it is felt that the 
results are general enough to indicate significant trends 
for a wide variety of flight conditions. 


The following example shows how a particular stability 


derivative can be varied. If an airplane is equipped with 
a rate gyroscope aligned to measure the pitch rate and 


III-28 


connected so that the elevator is deflected in proportion 
to the measured pitch rate, quantities denoted as Am, and 
4Z,are created. 44.q and 4Z.q are incremental values 
of the angular and I\near accelerations caused by de- 
flecting the elevator. 


(T1I-41) yg = Ma + dugg» (My + AM ,)a 
(IlI-42) | 
M “M+, 
Similarly: 
(111-43) Za. a Za + a2, 
In (I-42) and (I-43), the subscript "T"' denotes "total", 
and the termsZ, and, are the stability derivatives 


inherent in the airframe. The quantity AM, can be ex- 
pressed as; 


I-44 
q z Eg 

that is, the increment to the pitching moment due to 

pitch rate is proportional to the pitching moment due 

to elevator deflection. Similarly: 


(111-45) AZ «2B Z «KZ 
aq fs "'s 


The coefficient "K" in (I-44) and (I1I-45) is referred 
to as the "gain". The magnitudes of Au, and 42, in- 
crease directly with K. ua and Z ay can be adjusted to 


have any value by selecting a suitable value for K. 


M,, and Z,_ can be considered the effective values of 


M, and Z,. If it were possible to create a value 42, 
without creating a value 4M, , the effect of changing Z, 
would be determined by replacing the value Z, in the 
characteristic equation by Za. and then finding the roots 


of the equation. If this were done for enough values of 
Zo y, a plot of the parameters of the characteristic equa- 


tion versus Z.. could be made. 


Two assumptions are implicit in the plots of this section. 
The first is that a control surface can be deflected with- 
out lag proportionally to the instantaneous measured 
value of a given variable (the theoretical mechanism 
assumed capable of such performance is referred to as 
a "perfect autopilot). The second assumption is that it 
is possible to change only one stability derivative at a 
time. In those cases where the movement of a particular 
control surface essentially alters more than one stability 
derivative, two or more of the attending plots must be 
superimposed to obtain the resultant trend. 


Since many of the stability derivatives used in analytical 
work are not known exactly, these plots are also of value 
because the effect of a possible error in evaluating a 
. given stability derivative can be predicted from these 
plots. 


Figures III-19 to III-26 are now discussed and related 
to the approximate factors of the longitudinal character- 
istic equation derived in Section III-7, when this is 
practicable. In general, the trends predicted from the 
approximate factors and those from the plots are similar 
only for small variations of a given derivative about 
the base value of the derivative (that is, the unmodified 
value inherent in the airplane). 


The approximate factors of the longitudinal character- 
istic equation are rewritten below for reference: 


(1-46) ay = (MZ, ~ UM, 
(11-47) Lop ¥ a (UM, + Z, + MQ) 
SP 


(mm-48) «x  foa,z, - M,Z.) 
Ogp 
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(111-49) ee Xu _ Spp@inp  My(UoZy 8) ~XeZ yh 
p~ 
aug, “agp 25 “Esp 


The stability derivatives for the airframe at the flight 
condition used in this section are listed in Table III-5; 
the flight condition for which the stability derivatives 
have the values given in this table is referred to as the 
“base case". 


Altitude (ft.) 20, 000 

Weight (bs. ) 36, 300 

Mach Number .65 

True Airspeed (ft/sec) 673.8 
X, -,0003 
X, . 0169 
Ze -, 1223 
Ze -1,24 
2, -7.46 
uM. - .0037 
u. 000178 
M, ~ 2.775 
My 00013 

Table III-5 


The factored form of the characteristic equation for the 
base case is: 


(111-50) D, . & 5d atpe, eer a [s? i a Le “te 


ad 
D, = (s? + 2(, 0728) (.0577)8 + .00333] 
(82 + 2(.8)(2.435)e + 5,929) 


Figure III-19 shows the effect of varying x. It can be 
seen that the short period characteristics are relatively 
unaffected by changes in x,. The principal effect of 
changing x, is to alter the phugoid damping ratio, ¢, , 
which increases almost linearly with X, until the damp- 
ing becomes greater than the critical value, (,>1, when 
the phugoid oscillation splits up into two real roots. As 
X,, increases (i.e., moves in the positive direction), the 
degree of stability of the phugoid mode decreases; as 
X, becomes more negative, this degree of stability in- 
creases. These effects are predicted by the approximate 
factors. Since X, appears only in (I-49), which is the 
expression for the phugoid damping ratio, it is expected 
that Xu will not appreciably affect short period char- 
acteristics. X, enters linearly into the approximate 
expression for {,, and good correlation exists between 
the approximate factors and the trend predicted by 
Figure IlI-19. 


The expression for X, as given in (11—190) is rewritten 
as: 


BG 09) 
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Figure IIIT-19 Effect of X, on Parameters of the Longitudinal Characteristic Equation 
Base Case Equation (X, += 0093) 
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This equation shows that X, becomes more negative 
as the drag coefficient, C, , of the airplane increases. 
Therefore, increasing the drag of the airplane (and 
hence X,) tends to increase the degree of stability of the 
phugoid mode. 


Figure III-20 shows the effect of varying X,- As in the 
case of X,, X, appears to affect only the phugoid damp- 
ing ratio. ¢ " varies linearly withx, , indicating an in- 
crease in phugoid stability with an ‘increase in the de- 
rivative X_. X_ also appears linearly in the approxima- 
tion to Le : (I-49), and does not appear in the short 
period approximate factors. 


For present purposes, (II[-49) can be written as a linear 
term in X,, plus a constant not dependent upon X,: 


(III-53) Cp pa K, + KX, 
In this, Kg is positive since the quantity ( 2,4, -™,4) is 
positive. Therefore, the approximate factor for ¢p in- 


dicates that ©, undergoes a positive linear increase with 
an increase in X, . 


The expression for X, given in (Il-190) is now rewritten 


6 BG-e) 


This relation shows that either an increase in Cy, or a 
decrease in the drag curve slope would tend to contribute 
to the stability of the phugoid mode. 


(Ti-54) 


The effect of Z, is shown in Figure I-21. Examination 
of this figure shows that changing Z, primarily affects 
only the phugoid natural frequency and damping ratio. 
As Z, becomes more negative, the phugoid natural fre- 
quency increases, but the phugoid damping ratio de- 
creases. Z, does not appear in the short period ap- 
proximations, (III-46) and (III-47. 


In the approximation of the phugoid natural frequency , 
(11-48), Z, enters in the form of a factor of the product 
MZ. Since M, is negative for the base case, as Z, 
becomes larger in absolute value but still retains its 
negative sign, the product Z.M, increases; as a result, 
the approximate phugoid natural frequency increases. 


In (III-49), the second term on the right is negative . 
This term increases in magnitude proportionally to 
Oyo) and therefore ~,. causes this term to become more 
negative resulting in a decrease in the value of [,. Con- 
sequently, analytical approximations verify the existence 
of the trends shown in Figure III-21. 


Figure IlI-22 shows that as Z,, in the neighborhood of 
the base value, -1.24, becomes more negative, the only 
essential change in the natural frequencies and damping 
ratios is that the short period natural frequency in- 
creases. This is in accordance with (II-46); since M, 

is negative, as Z, becomes more negative, “in op in- 


creases. 
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Z, also appears in the approximate expressions for the 
short period damping ratio and the phugoid natural fre- 
quency, both of which appear in the phugoid damping 
ratio approximation. However, Z, occurs in both the 
numerator and the denominator of the expressions for 
Cgp and neither of these parameters is appreciably 
affected by reasonably large changes of Z, about its 
base value. Hence, both Figure III-22 and the approxi- 
mations can be used to predict that changes in Z, prin- 
cipally affect only the short period natural frequency . 


Figure III-23 shows that large changes in the value of 
Z, have no appreciable effect on any of the parameters of 
the longitudinal characteristic equation. Since Z, does 
not appear in any of the approximate factors, this result 
agrees with that which would be predicted from them. 


The effects of varying M, are shown in Figure III-24. 
This shows that changes in M, drastically affect both 
short period and phugoid characteristics. The relation 
between the phugoid approximations of (III-48) and 
(II1I-49) and the trend predicted by Figure III-24 are 
discussed first. 


(III-48) and (III-49) indicate that the phugoid natural fre- 
quency increases and the phugoid damping decreases as 
M, increases in value, and also that as M, moves in the 
negative direction, *, decreases and {, increases. 
Figure III-24 verifies this. 


Figure III-24 also shows that the short period natural 
frequency and damping ratio are affected by M, , although 
the approximate expressions for these, (III-46) and 
(III-47), do not contain M, . However, in arriving at the 
approximate factorization, it was assumed that , ae kp 


and {sp>>{p . As My moves in either the positive or 
negative direction from its base value, the phugoid roots 
rapidly become of about the same magnitude as the short 
period roots, as shown in Figure III-24, so that the 
approximate factorization no longer holds. 


Figure [I-25 shows the effect of varying M,. The phugoid 
characteristics are relatively unaffected. As M, moves 
in the negative direction, an increase in the short period 
natural frequency and a decrease in the short period 
damping ratio result. An increase in M, causes the 
short period mode to break up into two real roots. These 
effects can be predicted from (III-46) and (III-47). 


As M, becomes large and negative, the term -U.M, be- 
comes large and positive, and thus a, Os p becomes large . 
Since ah appears in the denominator of the approxima- 
tion for {., , an increase in Gee results in a decrease 
in the short period damping ratio. 

M_ enters into both the numerator and the denominator of 


the phugoid natural frequency approximation. Thus, 
changes in M, are only slightly reflected in o,,. 


The first term on the right side of (I-49) contributes the 


major portion of the phugoid damping ratio. For large 
magnitudes of M, (and therefore of yop)? the second 
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Figure III-20 Effect of X, on Parameters of the Longitudinal Characteristic Equation 
Base Case Equation (X,= .0169) 
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Figure I1I-21 Effect of Z, an Parameters of the Longitudinal Characteristic Equation 
Base Case Equation (Z, =—-.1223) 
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Figure III-22 Effect of Z_ on Parameters of the Longitudinal Characteristic Equation 


Base Case Equation (Z,* -1.24) 
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Figure III-23 Effect of 2, on Parameters of the Longitudinal Characteristic Equation 
Base Case Equation (Z, *=-7.46) 
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Figure III-24 Effect of M, on Parameters of the Longitudinal Characteristic Equation - 
Base Case Equation (M, = .00013) 
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Figure I11-25 Effect of ¥, on the Parameters of the Longitudinal Characteristic Equation 
Base Case Equation (¥, +—.0037) 
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and third terms on the right side of (III-49) become ex- 
tremely small in comparison with the first term. Since 
these termsare relatively very small to start with, their 
decrease does not appreciably change the phugoid damp- 
ing ratio. 


The effect of varying M, is shown in Figure III-26. 

Changes of M, in the vicinity of the base value (-2.775) 
can be seen to affect principally the short period char- 
acteristics. A decrease in M increases both the short 
period damping ratio and the ‘short period natural fre- 
quency, whereas increases in M, decrease both Oy »and 


Csp. (I-46) and (I-47) show that these effects are ac- 
counted for in the approximations. 


In summary, it appears that there is good correlation 
between the approximate factorization of the longitudinal 
characteristic equation and the curves presented in this 
section. It seems reasonable to conclude that both can 
be used in evaluating the effects of variations in the 
stability derivatives. In general, the curves are more 
reliable for predicting the effect of large variations in 
any of the derivatives on the resulting airplane motion, 
but it should be emphasized that neither the approximate 
factors nor the curves yield reliable predictions of 
trends for all flight conditions. However, since both the 
curves and the approximate factors are based on flight 
conditions that are more or less typical, their reliability 
is generally good. 


SECTION 9 - APPROXIMATE FACTORS EXPRESSED AS FUNCTIONS OF THE BASIC 
NON- DIMENSIONAL STABILITY DERIVATIVES 


In this section, the approximate factorization of the 
longitudinal characteristic equation is expressed in 
terms of the basic non-dimensional stability derivatives 
and other parameters of the airplane and the flight con- 
dition. 


Aerodynamic data from wind tunnel tests, flight tests, 
and theoretical analyses are usually presented in the 
form of basic non-dimensional stability derivatives 
because correlation between different airplanes and 
different flight conditions is most easily attainable when 
the stability derivatives are in this form. For this 
reason, Chapter IV of the volume is devoted to a dis- 
cussion of these basic non-dimensional stability deriv- 
atives. 


Expressing the approximate factors in terms of the 
basic non-dimensional stability derivatives aids in de- 
termining the effect of varying these derivatives on air- 
frame motions. These expressions should therefore 
help the reader relate the discussions of Chapter IV 
to material presented in the present chapter. With the 
approximate factors in this form, approximations to 
the airframe modes of motion can also be obtained with- 
out first calculating the dimensional stability derivatives. 


To derive the desired expressions, the approximate 
quantities from (II-190) are substituted into (III-46) 
through (11-49). The last equation in (III-49) is simpli- 
fied by using only the first term on the right side. 


(It has been mentioned previously that this term is the 
major contributor to the phugoid damping ratio.) The 
resulting equations are: ° 


(IHI-65)%,., ~ 1Ge-) |. * *C,) 7 2x, c,. | : 


mattis ah 
AE) (n[9) 6.00.0] 


= Cy 
aa 


i ; xB 

The quantities uw and - were first introduced by A. 
Glauert, ‘A Non-Dimensional Form of the Stability 
Equations of an Airplane,’ Reports and Memoranda, 
R &M No, 1093, British Aeronautical Research Council, 
1927. 








where 


SECTION 10 - EFFECT OF FLIGHT CONDITION ON THE LONGITUDINAL TRANSIENT 
RESPONSE OF AN AIRPLANE 


Previous sections of this chapter have been devoted to 
the discussion of particular flight conditions. In this 
section, the effects of varying the flight condition on the 
transient response of an airplane are demonstrated by 
presenting analog computer traces of the solutions of the 
equations of motion for various flight conditions. Sta- 
bility derivatives used in this analysis are theoretical 
values calculated for a hypothetical high-performance 
jet airplane of conventional cruciform configuration . 


Plots which can be used to determine the damping ratio 
and the natural frequency of oscillatory modes from the 
transient response are also included in this section in 
addition to the derivation of a formula for the time re- 
quired for an oscillatory mode to damp to one-half am- 
plitude. Finally, some traces, which show the effect 
of varying a single dimensional stability derivative, are 


III-38 


given, 


Figure I-27, 10-28, and [I-29 can be used to determine 
the damping ratio of oscillatory modes. Since the 
damped period (Tp) can be read directly from the re- 
sponse curves, the natural frequency can be calculated 
from: 


(III- 56) 


er ee fi - 72 


A parameter sometimes used to describe system per- 
formance is the time for an oscillatory mode to damp 
to one-half amplitude. This parameter is denoted by the 
symbol T, . The equation for an oscillatory mode can 
be written in the form: 


a mi EE = a 
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Figure I11-26 Effect of 4. on Parameters of the Longitudinal Characteristic Equation 
Base Case Equation (a, e-2.775) 
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Figure III-27 Typical Response Curves of Second Order System to Step Function Disturbance 
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Figure III-28 Damping Ratio of Oscillatory Transients as a Function of Subsidence 
atio for Second Order System 
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(I1T-57) 

X= Ae °* cos(apt + ¢) 

Xe amplitude at any time t 
where: a« damping constant = Cu, 


Gy © damped natural frequency 


A-maximum amplitude 
¢ = phase angle 


A plot of (111-57) appears in Figure III-30. It can be 
seen from this figure that the curve Ae — °* bounds the 
curve Ae ~ *‘cos(a,t + ¢), that is, the magnitude of X at 
any time, t,, cannot be greater than the value given by: 





Ae °*cos(apt + ¢) 


Figure III-30 


(IiI-58) (x), + Ae = ee 


and at time,t, , the value of X must be less than, or at 
most can be equal to: 


(mI-598) (x) t, 7 Ae “ate 


(11-58) and (I1I-59) can be used to determine the time 
required for [x] te to equal one-half (x) t; 


(I-60) (x), 9. beret 
x}, Ae ~ %%g 
(III-61) e o*, «2e~ %*2 


Taking the natural log of both sides of (III-61) and per- 
forming the indicated operations yield: 


(M-62) _ ot en 2-at, 
a(t, -t,)=1n2 
~t,=T, = 222 
1, > S23 
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(III-63) a _ 693 
” Ca, 


(III-63) gives the value of the time required for a stable 
oscillatory mode to damp to one-half amplitude. If the 
system is unstable, (III-63) shows the value of the time 
required for the mode to double its amplitude. (This 
equation is not used in the following analysis. It is pre- 
sented here solely because it is a parameter that appears 
frequently in literature dealing with aircraft stability 
and control. ) 


Figures II-31, I-32, I-33, and I-34 are analog com- 
puter traces of solutions of the equations of motion for 
a hypothetical high-performance jet aircraft flying at sea 
level at the indicated Mach numbers. From these 
curves, the natural frequency and damping ratio of each 
of the oscillatory modes can be obtained. 


By computing enough such solutions, the values of the 
short period and phugoid natural frequencies and damp- 
ing ratios could be obtained as functions of Mach number. 
The four curves actually shown are presented merely to 
indicate the expected variation of these parameters with 
Mach number. From these curves, certain facts can be 
readily determined: the short period has its highest 
frequency at maximum Mach number; the phugoid di- 
verges at Mach numbers of 1.0 and 1.2; andthe short 
period is more than critically damped and splits up into 
real roots at M - 0.8. 


The effect of altitude variation is shown in the curves of 
Figures III-32, [1-35, and I-36. As in the case of the 
traces showing Mach number variation, more complete 
information would be required to make statements of 
any significance. However, even with these few traces 
available, there are indications that the phugoid natural 
frequency and the short period damping ratio decrease 
with altitude, and that there is no uniform variation of 
any of the other parameters with altitude at the Mach 
number used, 


Figures I-37, I-38, and I-39 show the effect of vary- 
ing the stability derivativem,. Figure IlI-37 is the 
solution for the flight condition of Table III-1. Figures 
Ill-38 and I-39 are solutions of the equations of motion 
that are identical with those corresponding to Figure 
IlI-37 except that the value of mM, has been changed as 
indicated on the figures. 


In the discussion of the effect of variation of M, in Sec- 
tion III-8, it was concluded that the primary effect of 
Min becoming more negative was to increase the short 
period natural frequency and to decrease the short period 
damping ratio. These same effects are illustrated in 
these figures. 


To summarize, it should be stated that much of the 
information concerning the dynamic response of an air- 
frame can be obtained mathematically only by rather 
lengthy computational methods, whereas the same infor- 
mation can be obtained with comparative simplicity by 
the use of an analog computer. 
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Analog Computer Record of Time History for Pulse Elevator Deflection, 
Three Degree of Freedom (Mach No. = .4; Altitude = Sea Level) 
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Figure III-32 Analog Computer Record of Time History for Pulse Elevator Deflection. 
Three Degree of Freedom (Mach No. = .8; Altitude Sea Level) 
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Figure III-33 Analog Computer Record of Time History for Pulse Elevator Deflection. 
Three Degree of Freedom (Mach No.=1.0; Altitude « Sea Level) 
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Figure III-34 Analog Computer Record of Time History for Pulse Elevator Deflection. 
Three Degree of Freedom (Mach No. = 1.2; Altitude=* Sea Level) 
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Figure IIT-36 Analog Computer Record of Time History for Pulse Elevator Deflection. 
Three Degree of Freedom (Mach No. = .8; Altitude = 60,000 Ft.) 
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Figure III-37 Analog Computer Record of Time History for Pulse Elevator Deflection 
Three Degree of Frequency (HM, = ~.0235; Mach No. = .6; Altitude = 20,000 Ft.) 
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Figure III-38 Analog Computer Record of Time History for Pulse Elevator Deflection, 
Three Degree of Freedom (MW, = -.05; Hach No. = .6; Altitude = 20,000 Ft.) 
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Figure III-39 Analog Computer Record of Time History for Pulse Elevator Deflection. 
Three Degree of Freedom (M,*—.1; Mach No. = .6; Altitude = 20,000 Ft.) 
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SECTION 11 —- AIRPLANE RESPONSE TO RUDDER DEFLECTION 


The lateral transfer functions are treated in the same 
manner as the longitudinal ones were in the preceding 
pages. The response of an airplane to rudder deflection 
is examined first, and then the response to aileron de- 
flection. 


The lateral equations of motions, (II-197), are rewritten 
for reference as: 


(III-64) 
ay 8 ° 
E-¥b-Ysp~ q-(cos Yoder “Yer -7-(sin Vo" YS 5, +Y$. Bp 


@ I e 
bc ee 54 al .) 


ae R 


-~N pb =! £p- N,p+r-N rreNy 5, * Ng. 5, 
I.; 


(111-64) will be somewhat simplified before proceeding 
with the analysis. 


ASSUMPTION X:Y°p , Yr, andy, 5, are assumed to 

be small enough in comparison with other terms in the 
Yforce equation that they can be neglected, 

From Assumptions IX and X, the following quantities 

which occur in (III-64) can be equated to zero: 


e * ° 
Ye°¥e es 2%, 70 


(It should be pointed out that the derivatives set equal 


to zero in Assumption X are generally small and can be 
neglected in the analysis of A conventional airframes , 
However, this assumption is not always valid. The 
effect of each stability derivative shou th be evaluated 
before it is discarded as negligible. ) 


(III-64) then reduce to: 
(II!-65) b-Yyb-£ orrevs, Sp 

< rippin “Lyr=Ly, bp+hs, 5, 
-Nyb~ 7 b- N,per- NrT=Ns, Sp eNs 5, 


The transfer functions derived in Chapter II are thus 
reduced to: 


(III-66) 
D, = 8(As‘ + Bs® + Cs? + Ds + E) 
A +1-AQB, 
B = -¥,(1-A,B,) - ~A,N, - BL, 


C oN, +L, FPA -L.) + ¥,(B,b, +N_) +B,L, 
D 2 Np, #4,6/U,) +N, (Ly +¥L.) -LNY,-L, &/U, 
E = g/U,(L,N, -N,L,) 
where 
A..2 B. « Lbs 
js —hé 1” 
I I 
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(111-67) ; ; 
f(s) . (6/5p) _ 8(A,8 +B 87 +C.8 + D,) 
a(s) Dg D, 


(where the notation \(4/s,, indicates the transfer func- 
tion numerator for sideslip angle caused by rudder de- 
flection). 


Bat ~Ys_ (Ly +N, +A,N, + ByL,) - 
: . ‘ 


L, B, -Ng 
R R 
- NOL) Lage ~ Np) My (At + Ly) 


g 
Dg= Ng. U- Ly -Ly, a N. 
(111-68) 
¢(s) . N(o/bqy 8(A,83 + Bys + Cy) 
5, (8) De Ds 


Age ls + Ns Ay 
By * ¥5, (Lig + A,Ng) “Ly (N, + ¥,) #Ny (L, ~A,¥,) 
Cyn “Vy (LNs *LN,) + Ly (XyN, #Ng) ~Ny (Ly -¥ JL, 
(III-69) 


vis), OW 8p) Ays? Senet 

5n(8) =D. 

Ay" Ns, +B, 

B,* ¥, (Ng ¢ Bs) +L, (N, ~ByYy) “Ng (Y, + Ly) 


Cy Y; a bay ~Nel,) ~Ly YN, +Ng LY, 
D yo iilay a7 Ns Ls) 


For the numerical analysis in this section, the data in 
Table Ifle6 are used. 


Substituting the data from Table III-6 into (III-67), 
(111-68), and (III-69) yields: 


(IIl- 70) 

~AS) . 9, 016-——(8-—0. 00374) (s + 1.75) ($s +117,25) 
5, (8) (8-0. 001355) (s+1.777) (s7+0. 0912 s + 3. 525) 
_¢(S) = 0, 5744--______(8_+ 2. 56) (Ss - 2,885) 
6 (8) (s-0. 001355) (s+1. 777) (s? +0.0912 s+3.525) 
_¥(8) oy angg-—(8 + 1.7767) (7 + 0.0033_s + 0.08575) _ 
8, (8) $(S-0.001355) (8+1. 777) (S?+0. 09125+3. 525) 
(III-70)are now arranged in the K G(s) form: 


STW Bere 
=0.00914_/\1.75 17, 25 
)(z el 





(III-71) 


~A(S8) . 1,049- 
5, (8) 








0. 301585 * 1. a7 * 
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Altitude (ft. ) 20, 000 
Weight (lbs. ) 30, 500 

Mach Number . 638 

True Airspeed (ft. /sec. ) 660 
Yy -.0829 

3. 0116 

Le -4. 770 
Ly - 1.695 

L, .1776 

Ly. . 666 

Ls, 27.25 

N, -. 0025 

N. -. 0957 
Ns, -1. 383 

Ns, -.615 

Ne 3.55 

A, « as 0663 

B,° ra . 0370 


TABLE III-6 








(III-72) 
ri ee (asa eer 2.885 _ 
5, (S) cee 2 S + 
- 0. Serer 1. 177 7 
(111-73) 
tae ry sol S + : 
-(S) , 24.35 — 1. aaa ae 
o,(S) te + Ze) 
Jenrirc 0. 001355 a T17 wR 
where: a, = 0.293 uy 7 1.8775 
¢, = 0.00563 t,) = 0.0243 


In examining the analog traces, it must be kept in mind 
that each of these records the motion of the airframe in 
one degree of freedom; for instance, the , trace shows 
all the sideslip, i.e., the summation of the / motions 
of all three modes. And similarly, each mode will, in 
general, contribute to every trace; for example, the 
dutch roll impresses its oscillatory motion onthe ;, ¢, 
and » trace. (The quantity ¥, rather than ¥ is recorded 
because it is j itself that enters the equations of motion.) 


Figures III-40, IlI-41, and III-42 are Bode plots of 
(III-71), (IlI-72), and (IlI-73), respectively. Several 
conclusions can be drawn from inspection of these plots . 


Since the amplitude ratios at the dutch roll natural fre- 
quency in Figures III-40, IWI-41, and JII-42 are nearly 
equal, it may be concluded that comparable amplitudes 
of;,¢ , and y occur in the dutch roll mode of the 
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transient response when the airframe motion is excited 
by a rudder deflection. 


From Figures III-40 and III-42, or from (III-7}) and 
(1II-73), it can be seen that the factor in the denominator 
which characterizes the rolling mode is almost exactly 
cancelled out by a numerator factor in these two re- 
lations. 


From this it may be concluded that only relatively small 
amounts of y and, occur in the rolling mode. In other 
words, the rolling mode is almost totally composed of 
rolling motion. (This is, of course, the reason for call- 
ing it the rolling mode.) 


The amplitude ratio at the spiral break point, (i 7 ), in 
Figure I-40 is much less than the amplitude ratios 
at the spiral break points in Figures I-41 and II-42. 
It may therefore be concluded that at any instant the 
magnitudes of . and, in the divergent spiral mode are 
considerably greater than that of g . It follows that the 
spiral mode can be said to be composed mainly of roll 
and yaw. 


Figure I-43 shows traces of the indicated variables 
obtained by an analog computer. The following facts 
can be determined from this figure: After the dutch 
roll oscillation has essentially died out, the roll angle, 

, diverges while the yaw rate, r , increases slightly 
in value; the sideslip angle,; , remains zero. 


wince the divergent spiral is the only mode which re- 
mains after the roll subsidence and dutch roll modes 
have disappeared, it can be said that .» and r are the 
dominant degrees of freedom in the spiral mode. An 
increasing value of yaw rate, r , represents an increas- 
ing value of yaw angle, ,. The divergent spiral mode 
is then composed mainly of increasing values of yaw 
and roll. This result agrees with the conclusion drawn 
from inspection of the Bode charts. 


Figure [I-43 also shows that the same order of mag- 
nitude of ,-,, , and. occurs during the dutch roll. (It 
is sufficient to compute roughly the area under the curve 
of r during one-half the dutch roll period to get an ap- 
proximation to the amount of yaw angle the exists at 
any given time. ) 


The rapid roll subsidence is indicated by the fact that 
the curve of the roll angle, ¢ , plotted against time, 
reaches an essentially constant mean value (except for 
the divergence due to the spiral) in a relatively short 
time. This effect is not evident in the curves for ¢ and 
r,. These facts verify the statement previously made 
that the rolling mode is composed principally of rolling 
motion. 


Tne characteristic response of an airplane to an impulse 
rudder defiection can be summarized as follows: after the 
rudder is deflected, the airplane rapidly rolls, yaws, 
and sideslips. It then executes a damped oscillation 
in al) three degrees of freedom (dutch roll). All during 
the oscillatory motion, the mean value of roll angle and 
yaw angle increases. This divergence continues even 
after the oscillatory mode has damped out. This latter 
motion is, of course, the spiral divergence. 
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SECTION 12 - AIRPLANE RESPONSE TO AILERON DEFLECTION 


It was mentioned in Chapter II that the transfer functions 
for rudder deflections can be altered to apply to aileron 
deflections merely by replacing 5. by 5 ‘ wherever Sp 
appears; and by changing Ys Ly» and N, to Ys) Ly. ; 
and N s, respectively. 


Making these changes and remembering that, according 
to Assumption X15 | «0 the transfer functions (II-67) , 


(111-68), and (I-69) become: 


(11-74) 
Bear (AZ Ag) , 818982 + 08 + Dp) 
.) al 8) D, D, 


B, e “by, 6, ob, 
‘ 2. 5 
Cs Ls, (i N,) : Ne, Aig * Ly) 
8 = 8 

Da Nag Ly Lag: Ny 
(MI-75) 4 

_g(8) , feta) _ B(Ag8? + Bys + Cy) 

6, (8) D, D, 

B,* “Lb, CN, +Y¥,) + N, (L, ~A,Y,) 

Ca = Ly (rN, + N,) “N, ¢ Ly ~¥,L,) 


I-76 
( ie Ney /s 8(Ays* + Bs? + Cys + Dy) 
5,(8) D, D, 


By Ly (N, ~B,Y,) -Ny (¥, *L,) 

Cys Ly YyN, +N Ly, 

D “it (Ly Nz ~Ny Ls) 
Substituting the data from Table III-6 into (III-74), 
(101-75), and (I-76) yields: 


(11-77) 

ACS), _ 9. 39 (8 + 0.0495) (8 - 6. 250) 

& (8) (8-0. 001355) (8+ 1. 777) (84 +0. 09128+3. 525) 
(8) . 97 9 (8? + 0.01747 8 + 3. 455) 

5, (8) (8-0, 001355) (8+ 1.777) (8740. 0912 8+3. 525) 
¥(8) . 0. 394 (8+ 1,65)(84- 4.398 8 + 7.07) 

5a(8) 8(8-0. 001355) (s+ 1. 777) (87 +0. 09128+3. 525) 


(111-77) are now arranged in the K G(s) form: 


(Ir1-78) 


B(s) 
——— = - 14.3 
5, (8) : 


(111-79) 





~£(8) .~ 1107 
5, (8) ——i__ + | id -1) a 2 51) 





0.001355 1.777 


(III- 80) 

ana +] fol + 2b 8 + 1 

1.65 2 a 

WS) .-543,7-—---_ Ss 
6,(S) §(-saSiag*! San 1)(S +2 5+ 

0.001355 1.777 oe wy 

D D 

where: Cp 2 0.0243 ¢, °7 0.827 


¢, = 0.0047 
Mp BITS «oy + 2,659 9 a, = 1.871 


Figures III-44, III-45, and III-46 are Bode plots of 
(IlI-78), (11-79), and (I-80) respectively. 






Examination of Figures III-44, IlI-45, and III-46 and 
equations (III-78), (III-79), and (III-80) leads to much 
the same conclusions that were drawn from the transfer 
functions and Bode plots for rudder deflection,. with 
certain important exceptions. 


Although (III-80) and Figure [I-46 show that the roll 
root approximately cancels out of the ea transfer func- 


tion as in the case of rudder deflection, there is no com- 
parable cancellation of the roll root in the & transfer 


function in (I-78). In addition, (II-79) or Figure III-45 
shows that a numerator quadratic approximately cancels 
out the denominator quadratic representing the dutch 
roll mode in the < transfer function. These facts in- 


dicate that when thé transient motion of the airplane is 
excited by an aileron deflection, there exists a relatively 
small amount of rolling in the dutch roll mode and some 
Sideslip in the rolling mode. It has been shown that, 
in the case of rudder deflection, comparable magnitudes 
off , ¢, and y occur in the dutch roll mode, whereas the 


rolling mode consists of almost pure rolling motion. 


It may then be concluded that the relative magnitudes of 
the degrees of freedom occurring in a particular mode of 
the transient response depend upon whether the transient 
is excited by an aileron or a rudder deflection. Further, 
in the case under consideration, there is a relatively 
smaller amount of ¢ in the dutch roll caused by aileron 
deflection than there is in that due to rudder deflection. 
(For instance, GuAx in the dutch roll due to aileron de- 


flection will be smaller than ¢#4x in the dutch roll excited 
by rudder deflection.) "ax 


Figure III-47 shows the analog computer solution of the 
lateral equations of motion for an aileron pulse deflec- 
tion. Comparison of Figure III-47 with Figure ITI-43 
shows that the ratio.of the maximum roll angle to the 
maximum sideslip angle in the dutch roll mode excited 
by aileron deflection is less than the similar ratio when 
the excitation is applied by deflecting the rudder. 


This result should not be understood to be the general 
case; it should rather be considered an example of how 
transient characteristics maybe predicted from observa- 
tion of the transfer function or Bode plot. 


Even though there are certain differences in the transient 
motions for the lateral degrees of frecdom, depending on 
which control surface is used to excite the transient, the 
ratios of the degrees of freedom in any of the modes are 
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roughly the same. 


In summary, the rolling mode is an almost pure rolling 


motion; the dutch roll mode contains roughly comparable 
amplitudes of rolling, yawing, and sideslip; and the 
spiral mode consists mostly of yawing and rolling. 


SECTION 13 - APPROXIMATE TRANSFER FUNCTIONS 


By taking into account the results of the above analysis , 
some useful approximate transfer functions can be deter- 
mined 


Since the dutch roll mode approximately cancels out the 

- transfer function, this mode is considered to consist 
solely of the sideslip and yaw degrees of freedom. 
Figures III-44 and III-46 show that the sideslip angle is 


rn = Ww, + B 
= Wik < ES 


a 


approximately 180° out of phase with the yaw angle at 
the dutch roll natural frequency. This permits an addi- 
tional simplification to be made by assuming that £= -¥. 


Under these assumptions, the dutch roll mode reduces 
to an oscillation during which the wings remain level 


and sideslip angle is equal but opposite in direction to 
the yaw angie, as shown in Figure ILI-48. 


SZ 
4 


Figure III-48 One Degree of Freedom Dutch Roll 


SECTION 14 - ONE DEGREE OF FREEDOM DUTCH ROLL MODE 


A single degree of freedom approximation to the dutch 
roll mode of motion is now derived. 


If, as stated above, this mode consists only of the side- 
slip and yaw degrees of freedom when it is excited by 
aileron deflection, the roll angle, ¢ , and its derivatives 
can be set equal to zero in the lateral equations (I-65) 
to arrive at this approximation. Further, since only the 
ailerons are to be used, 5, may also be set equal to 
zero. 


The relations (III-65) then become: 


(III-81) 

E-Y¥,£+u=0 

~Lf- (1,,/1, Dvr Live Ls AeA 

-N£+WU-N oe =N, 8, 
The second of these “felations can be eliminated from 
consideration by the fact that the roll angle and its de- 


rivatives, and therefore the sum of the rolling moments, 
must vanish. 


When 4:-¥W, the first equation of (III-81) becomes 
-Y = go and is not applicable to the problem at hand. 


The one degree of freedom approximation sought for 
must then arise from the third relation of (III-81). 
substituting G--w into this equation and taking the 
Laplace transform: 


III-64 


(s7-N,8+N,) £(8) =" Ny 5, (8) 


which leads to the approximate transfer function: 


(I1I-82) “ii 
_£(8) , 2s 
6,(s) s?-N, s¢N, 

Substituting numerical values from Table III-6 into 


(III-82) yields; 





(INI-83) (5) | + 0,615 
d,(8) s*+0,0957 8 + 3.55 











(IIl- me 
eee acs 
5 or 32,2 , 240.0254) 5.1 
"4 (1. at 1, 883 
where: = 0.0254 


arr 


a, > N, = 1.883 
Ns 

K ----A= 0,173 
N; 


Figure III-49 shows the Bode plot of (I-84), and Figure 
III-50 shows the analog computer solution of the third 
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equation of (II-81) with 4--y, for an aileron pulse de- 
flection. 


To check the accuracy of the one degree of freedom ap- 
proximation, three comparisons are made; the numeri- 
cal values of the dampings and natural frequencies in 
(III-78) and (III-84) are compared; the Bode plots of 
Figures III-40 and III-49 are superimposed; and the 
analog computer traces of the one and three degree of 
freedom soultions are compared. 
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Table IN-7 gives the values of ¢ andw, for both the one 
and three degree of freedom cases. It can be seen that 
these values are very nearly the same. 


In Figure III-51, the one degree of freedom £ transfer 
unction (from Figure I-49) and three degree of freedom 
transfer function (from Figure III-44) are plotted. 
there is very good agreement in phase angle, natural 
frequency, and damping; but there is a considerable 
difference in amplitude ratio. 


As a final check, the one and three degree of freedom 
solutions of the equations of motion from an analog com- 
puter are superimposed in Figure I-52. This figure 
shows that there is excellent agreement between the one 
and three degree of freedom solutions except for the 
amplitudes of the curves. 


In summary, the one degree of freedom solution of the 
yawing moment equation is a very good approximation 
to the dutch roll mode. The approximation shows the 
dependence of dutch roll damping on the stability de- 
rivative N. and the dependence of the dutch roll natural 
frequency on Nye 


SECTION 15 - ONE DEGREE OF FREEDOM ROLLING MODE 


A one degree of freedom approximation to the rolling 
mode is now developed. 


Since the rolling mode consists almost entirely of roll- 
ing motion, the rolling moment equation with the side- 
slip angle and the yaw angle set equal to zero is used 
in the approximation. 7 


I-85 r ~- a 
( ) D Lp Ly 5, ¢b, 5, 


Only aileron deflection is considered; i.e., 5, <0. 


The transfer function for roll angle due to aileron de- 
flection is: 


(I-86) gis) “a 


8,(8) 8(8-L,) 
Substituting numerical values of the stability derivatives 
into (111-86) yields: 


¢(8) ._) 27.25 
6 (8) 8(s + 1.695) 


(I1I-87) 


or, in the K G(s) form: 


(I-88) _¢(s),_ 16.1 


6, (8) 8 eae 1 
1.695 


Figure III-53 is the Bode plot of (III-88), and Figure 
IlI-54 is the analog computer solution of (III-85) for a 
pulse aileron deflection. 


The magnitude of the roll root as given by the one degree. 
of freedom approximation is very close to the exact 
value given in (III-79). 


Figure [I-55 consists of Figures II-53 and II-45 super- 
imposed; similarly, Figure III-56 consistsof Figures 
IlI-54 and III-47. Inspection of Figures HI-55 and 
III-56 shows that there is very good agreement between 
the exact rolling mode and the one degree of freedom 
approximation. The conclusion that the rolling mode 
consists mainly of rolling motion appears to be valid 
for the case under consideration. 


SECTION 16 - APPROXIMATE FACTORS OF LATERAL TRANSFER FUNCTIONS 


As in the longitudinal case, the factors of the complete 
three degree of freedom lateral transfer functions can- 
not, in general, be expressed exactly in terms of the 
Stability derivatives in any usable form. 


In this section, approximate factors of the transfer func- 
tions, ,2 4% £ ft i and =% and <Y, are pre- 
bp bn bp 5g Oy Dy dR A 

sented. 


An approximate factorization of the lateral characteristic 
equation can be developed in the following way. 


The lateral characteristic equation is: 


(III-89) D, = 8(A84 + Bs? +Cs2+Ds +E) «0 
Since the quantity in the parentheses generally factors 


into a quadratic and twofirst order roots, the character- 
istic equation can also be written as: 


(II1-90) D, s 8 (5 + ) (s + s) (2? + 2hnen 8 + “ay 
te a Ree 
Spiral Mode Rolling Mode Dutch Roll Mode 
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AIRPRAME APPROXIMATE COEFFICIENTS AND FACTORS—LATERAL TRANSFER FUNCTIONS® 
BN gAy) . ra MPAs te if Aa). 
54 Dy A D, A D, 
B Nig/ind . | NiySn) ow | Ny op) . ay , May/dQ) 
5, D, ' 8, D, | 8 D, | 8s D, 
“ASSUMPTIONS USED: LEVEL FLIGHT CONDITIONS 
Ly = L,*¥y* Ye Xs + % 7 a4 * 0 
D.: HKy, *  (8/U,)(LgN, - LyNg) 
a ~ Yy(LpN,) + LyNg * Lg8/U, 
e s(As*+ Bs? + Cs? + Ds ¢ E) ac (@/U,) (LN, - LNg) 
4 | N 
D, = K oT se Ts (83 +2 gh ae i) (s) iT. * 
| ; ai a ‘a “¥,(LN,) - LyN,> L48/U, 
'A ® 1 lo 2 IN, 
‘B® -(Y, +L, + Ny) [ 3 
1c ¥ Ne ie Ny tly # N= (1/T,) + (1/T,) 
iD ® -¥,(LIN,)-L.N,g- L,8/U, "ee 2 JN, 
'E © (@/U,) (LN, - L,Ng) 
A B, ._ Cc 
Nas) ( Pate Pat s) N(B/8,) Xp a(T, 8+ 1)(T, 841) 
eae Se | sp 8s 
A I K 
83. 35 6B . - 
| (Ls, Te. + N,) i (Ng Ur Ly Np)e/U, 
| Ls, + (Ns Lp - Lg Np) U,/& 
[Be w by bap ip 
| & (N, L, - Ly Np) + L, ,8/U, : The, a (Ny L, = L; Ne) 
| | 
| ] Ng pebs. 1 /I 
C. ¥ 5s T ~ at Sa tas/tss 
| A (Ny Ly Ly N,)&/U, | Fa, (Ny Ly ~ Ly Np) +L, 6/Uo 
** DIVIDE BY Kj, TO OBTAIN COMPLETE D.C. GAIN OF THE TRANSFER FUNCTION 
(THIS APPLIES TO ALL THE FACTORED NUMERATOR EQUATIONS) 
‘ ~ 3 4952 ( ~ we 
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Multiplying together the last three factors on the right 
of (III-90) yields: 


r 
(III-91) D,* of ‘Pesta, ¢ : + a 8° + | 11, 


Since the right sides of (III-89) and (IM-91) must be 
identically the same, the coefficients of like powers of 
s in them can be equated: 


ae eee 
Be 205 "> T, Ts, 
nee Uae Ge “aK i,t + 3 
ar i oe T,) 


1 il 1.1 
Ds Zions gr Footy GF *z) 
R 
2 


etl 
Ber a, 
Both + and t, pre generally very small in comparison 


with either of , and w,., which are of the same order 
of magnitude. In view of this fact, the following assump- 
tions can be made: 


IlI-93 ie a 3 ot 
( ) ud .?? r, 7, * Motag( * 3 


2 boo a2 1 pe 
re iin a 


(I1I-92) then reduce to: 


(11-94) A*1 

Be 2l.u ro re © 
reg: Te oT 
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ue 
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i 


E T, 


of wh 


“Bp 


1 I 
(I1I-94) can now be used to express {p, “np, 7-, andy, 


as functions of the coefficients of the quartic in (III-89): 


1.D 
-9 1,£F —7- 
(Ii1-95) T, O T, C 
aw. IC" 
an 1 





The coefficients A through E of the stability quartic, 
(111-89), can be simplified by neglecting relatively small 
stability derivatives, and combinations of them, in the 
expressions following (III-66). The results are: 


Oe) ie CN, 


B® -Y,-L, -N, D® “YUN, ~LyNg Jr bp 
EB. “or (Nl, ~LN,) 


Expressed in terms of the combinations of stability de- 
rivatives given in (I-96), (I-95) become: 


(111-97) 


1 yu (Ngl, ~LA,) 
T Y LN, +L N, + 2/0 ,L, 


beings + LNs + 6/U Li, 
oN rm 3 ~~. 
RB 6B -¥,-L, -N, 7 , 


ay, WIN, ty” aing? 

Approximate factors have also been derived for each 
of the numerators of the lateral transfer functions. As 
in the longitudinal case, checking these approximate 
factors with the exact factors of transfer functions of a 
conventional cruciform configuration airplane at a variety 
of flight conditions has yielded reasonably good agree- 
ment. The approximate factors are summarized in 
Table III-8. 


SECTION 17 - LATERAL ACCELERATION TRANSFER FUNCTION 


The lateral acceleration that would be recorded by an 
accelerometer mounted at the center of gravity of an 
airframe and aligned with the Y axis is given by the 
first relation of (I1I-65), here rewritten as: 


(111-98) : 
ar Gera, bq + Y,2 
0 


From this: 
III-99 : . 
(I-98) 9 wu, (Borge 4) +U,(y6 +¥5, 58) 


In (111-99), U,(6+r) is the acceleration sensed by the 
accelerometer because the airframe is in accelerated 
motion, and - g¢ is the acceleration sensed by the ac- 
celerometer because of the component of gravity which 
acts along the Y axis when the wings of the airframe are 
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not level. 

The transfer function = is: 

qm-100)  y°9) yy, Be) yy 
5_(8) 8,(3) 

Expressing the relation (III- 100) in terms of the stability 

derivatives yields: 

(III-101) 


a. (s) 5(A. s* +B, s° +C, s? ee +E, ) 
ie anion Wn ee Qe 
5_(s) D, 








where . 
AQ UNS. (1-A,B,) 


s 
BUY, (7b, -N,-A,N, ~ByL,) 


s ~ 
xs UY; 8 [No : LN, “NOL. : Y,B,L4 +UlY, [hs 81%] 


DL OY, [Nally : Ag) Mohs “har | 
' vt [t, ¢ -N,) ' Naa (Ai fe. uy | 


(111-101), numerically evaluated for the flight condition in 
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Table III-6, becomes: 


(III- 102) 
@y(8) 7, 637(8+0. 000725) (s+1. 705) (8+2. 551) (8-2. 468) 
8a(8) = (3 ~ ,001355)(s + 1.777) (8? + .09128 + 3,525) 


and, in the KG(s) form, becomes: 
(I1I- 103) 
8 8s Ss -8s 
Coban ates Ges as 

By (8) apg d:.000725 _ZA1. 705 .551 2, 468 

5, (3) Gee a1)( 8 me § w+ {0.0243) 3 a+1) 

. 001355 1.777 1.877 1.877 

Figure III-57 is the Bode plot of (I11-103). 








SECTION 18 - EFFECT OF SINGLE DIMENSIONAL STABILITY DERIVATIVE VARIATION 


In this section, the effects of variations in individual 
stability derivatives on the natural frequencies and 
damping ratios of the lateral equations are discussed . 


Some comments were made in Section III-8 concerning 
methods of obtaining such variations physically and on 
the significance of the results obtained from this type 
of analysis. The material contained in Section III-8 
should therefore be read before that presented here . 


The values of the stability derivatives for the base case 
_ in the following analyses are contained in Table 


relat cise 7 Pe 
cue 8,100 x, 00818 
True Airspeed (ft/sec) 669.7 Ls ~ 4.706 
A, °1,,/I,,° . 0358 Ne 3, 5581 
B,«1,,/l,; «0259 Y, -. 1327 | 
L, °° «2485 Y, - .00009 
L, 71.7605 Y. 0012 
Table III-9 


The approximate factors of the lateral characteristic 
equation are rewritten below for convenience in refer- 


ence: £ 
(I1T- 104) A _ Ng, LN, 
8 Y,LN, + MeN 5? 6 L, 


(r-105) 1, _YetNs + UNa *U bp 
3 


R f 
(III- 106) ay IN,” 
(III- 107) : “Y¥y-L,-N,-t te 


Figure I-58 shows that the effects on the lateral fre- 
quencies and damping ratios ‘of varying Y, through values 
in the vicinity of the base value, Y, =- 0.1327, are neg- 
ligible; except that (,, the dutch roll damping ratio, 
takes on larger positive values as Y, becomes more 
negative. (II-107) shows that this variation in Y, is to 
be expected. The quantity Y, also occurs in the numera- 
tor of the expression for A, (III-105), and inthe de- 


nominator of that for + (11-104); but the y, term is 


5 
8 


much smaller than those containing 1 4 and N g in these 


expressions, and hence the effects of variations in Y, on 
1 and 1 are unimportant. Since, in addition, “ay is 


T 
not a fuhction of Y,, moderate variations inY, are 


appreciably reflected only in £,. 


Figure III-59 shows the effect of Y, which is generally a 
very small number and consequently does not appear in 
the approximate factors. Y, also is not very amenable 
to artificial variation. It has been included here for the 
sake of completeness. 


Figure 1-60 shows the effect of Y, which, like Y,» is 
generally a very smal] number and therefore does not 
appear in the approximate factors, but it is somewhat 
more susceptible to artificial variation. As Y, becomes 
more negative, the dutch roll natural frequency in- 
creases in Y, cause the dutch roll to split into two real 
roots, one of which is divergent. 


The effects of changing L, are indicated by the curves in 
Figure I-61, which contains plots of:.l. , the reciprocal 
of the roll time constant; 2. the reciprocal of the spiral 
time constant; ¢,, the dutch roll damping ratio; and 
“yy the dutch roll natural frequency, as functions of L,. 


It is shown by this figure that as L, moves in the neg- 
ative direction,1. and .| both increase, but that ¢, 


R 
tends to move toward more negative values. It can be 
seen that wn does not depend upon Lg. 


These variations with L, are confirmed by examination 
of the relations which set forth the approximations to 
these parameters, (III-104) through (I-107). 


(111-105) shows that the approximation tot should in- 
crease as L, becomes more negative, since’ the quantity 
- (e/U,)/., is a positive number increasing in magnitude 
whenL, is negative and its numerical value increases . 


(III-104) can be used to show that the behavior of r as 
8 


Lamoves in the negative direction, is similar to that 
of i: L, occurs in both the numerator and the denomina- 
R 
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Figure III-57 Side Acceleration Response to Rudder Deflection. 
Three Degree of Freedom 
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Base Case Equation (Y,« -.1327) 
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Figure III-60 Effect of Y, on Parameters of the Lateral Characteristic Equation 
Base Case Equation (Y, = +0012) 
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Figure III-61 Effect of Ly on Parameters of the Lateral Characteristic Equacion 


Base Case Equation (L, = 4.706) 
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tor of the approximate expression for 1 ; however, the 


term inl, in the denominator is small in comparison 
with the other terms there, so that variation of L, has 
little effect upon the value of the denominator. For the 
base case under consideration, the numerator is positive 
and the denominator negative; therefore at the base con- 
dition, is negative. This checks the conclusion that 


the approximate spiral mode is a divergence. As L, be- 
comes more negative, the numerator quantity decreases 
in magnitude and becomes less positive. The over-all 
effect is thatasL, moves in a negative direction, 7 be- 


comes more positive; and eventually, as L, becomes 
large enough in magnitude, but still of negative sign, 
the divergence becomes a subsidence. 


The increase in the dutch roll damping, Sp» a8 L, moves 
positively, can be inferred from a consideration of 
(III- 107) and the remarks above concerning 1/T, and 1/T,. 


(I1I-107)is of the form ¢ | « i B- a ~~ \where A and B 


(for this base case) are nacltive ies which are 
not functions of L,; 1/T, and 1/T,, of course, depend 


upon L,, 


Since 1/T, is a negative quantity near the base value . 
L,» %, can be written equivalently as ¢, « (2 + [2 te! ~z 
As L, becomes more negative in this region, [1/7] Be 


comes less in magnitude; under these conditions, Cy de- 
creases in value. 


The conclusion may then be drawn that as L, moves in 
the negative direction, {, tends to become less, due to 
the variation in 1/T, ; that is, a decrease in the re- 
ciprocal of the spiral time constant tends to increase 
the dutch roll damping. 


By similar reasoning, taking into account the fact the 
is a positive quantity, an increase in the value of 1 


fends to decrease the dutch yoll damping. As stated” 


above, such an increase in T occurs as L, becomes 
more negative. 


Summarizing, it may be seen that as L, moves in the 
negative direction, its variation tends to increase {, 
through its effect on 1 and to decrease {, through its 
effect on + , T, 

R 
Figure III-61 shows thatfor the same variation in L 
the opeendee of the change in ro is greater than a 


R 
in a ; therefore, the net effect on {, is that the dutch 


ba damping ratio increases as L, becomes more nega- 
tive. 


The effect of changing L_ is shown in Figure III-62. It 
appears that L, has a relatively small effect on all the 
parameters except t the reciprocal of the roll time 


constant, which increases linearly as L, moves in the 
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negative direction. 


(11-105) clearly shows the reason for this change in 1 , 


since the equation is of the form: in «AL, +B where *A 
and B are combinations of other stability derivatives but 
do not as ag uponL,. For the base case, A is negative, 
so that 1 becomes 1 more positive as L, moves in the 


negative direction. 


The effect of changing L, is not reflected in the approxi- 
mation for ¢ because L, and 1. essentially cancel out 


of (IIl-107) if all araaintitieg involved are held constant, 
except forL,. That changes in L, have some effect on 
T, can be predicted from (II-104), "but the effect of vary- 


ing L, in this relation is small. 


Figure I-63 shows that the principal effect of changing 
L, is to vary i. , the reciprocal of the spiral time con- 


stant. As L, moves in the negative direction, * moves 


8 
positively;that is, as L. becomes more negative, the 
spiral mode becomes more unstable. This can be seen 
from (T1-104): the denominator of the expression on the 
right of this relation is negative in almost all cases, 
and as L, becomes more negative, the quantity N 
and therefore the numerator, also becomes a negative 
number of larger absolute value. The ratio of numerator 
to denominator, that is,1/T,, then becomes a positive 
number of increasing magnitude as L, becomes more 
negative. 


The effects of changing N, are shown in Figure I-64. 
The principal effect of increasing N, 1S an increase in 
the Dutch roll natural frequency. (II-106) also indicates 
this trend. 


The term L,N, in the numerator of (III-105) and also in 
the denominator of (II-104) is very large, in comparison 
with the other terms in these expressions, for values 
of N, in the vicinity of the base oe N,= 3.5581, Or 
when the absolute magnitude of N, s large. Con- 
sequently, for these values of N as essentially 
cancels out of both (II-104) and (111-105), indicating that 
only the dutch roll natural frequency and damping ratio 
will be appreciably affected by variations of N, around 
its base balue. Figure IJI-64 shows that the dutch roll 
damping ratio increases with a negative movement of N, 
This trend is also indicated in (III-107). 


Figure III-65 shows the effects of varying N,. Since 
N, is generally very small, it does not appear in the 
approximate factors. N. is usually negative; however , 
at flight near the stall, it can become positive. The 
most important effect of an increase of Np is to cause 
the usually very stable rolling mode to become divergent. 
As N, becomes more negative, the dutch roll damping 
ratio "decreases toward instability, and .L and the dutch 
roll natural frequency increase. R 


The effects of changing N, are shown in Figure III-66. 
Changes in N. in the vicinity of its base value are re- 
flected principally in the dutch roll damping ratio and 


in the reciprocal of the spiral time constant, 1 . Itcan 
T 


8 
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Figure III-62 &ffect of Lp on Parameters of the Lateral Characteristic Equation Base Case 
Equation (L,° -1.7605) 
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Figure III-63 Effect of L, on Parameters of the Lateral Characteristic Equation 
Base Case Equation (L, = .2485) 
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Figure III-64 Effect of Nq on Paramet al Char c Equation 
Base Cas ee vane #3. pane 
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Figure III-66 Effect of N. on Parameters of the Lateral Characteristic Equation 
Base Case Equation (WN, = -.0937) 
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be seen that ¢, increases linearly as N. becomes more 
negative in the vicinity of its base value. This effect 
. is also plainly indicated in (III-107). 


As N. moves negatively, the spiral mode becomes more 
stable. N, enters into both the numerator and the de- 
nominator of (I-104), but since LN, is generally much 
greater thanyY LN, , small changes in N, do not ap- 
preciably affect the denominator on the right ‘of (III~104) . 

On the other hand, since N gu, and -L,N, are generally 
_of the same order of magnitude and are of opposite sign, 
comparatively small changes in N, become important 
here; hence the effect on the spiral “mode of changing N . 

can be determined by consideration of the numerator 
alone. This numerator becomes more negative with 
similar variation in N.. Since the denominator of (III- 
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104) is negative for the base case, + increases asN., 


becomes more negative. Therefore, (ir- 104) and Figure 
IlI-66 agree as to the effect on + of varying N.. 
8 


Figures III-67 and III-68 show that small variations in 
the values of Luz and Laz do not have any appreciable 


I 
effect on any of the parameters of the lateral character- 
istic equation. 


In summary, good correlation exists between the lateral 
approximate factors and the curves presented. However, 
it should again be emphasized that caution must be used 
in attempting to extend these results to other flight con- 
ditions, particularly if they differ considerably from 
the one used in this section. 


SECTION 19 - APPROXIMATE FACTORS EXPRESSED AS FUNCTIONS OF THE BASIC 
NON- DIMENSIONAL STABILITY DERIVATIVES 


In this section, the approximate factors of the lateral 
characteristic equation are expressed in terms of the 
basic non-dimensional stability derivatives and other 
parameters of the airframe and the flight condition. 
The usefulness of approximate factors in this form is 
discussed in Section III-9. 


To derive the desired expressions, the appropriate 
quantities of (II-191) are substituted into (IM-107). The 
approximation for ¢, given in (III-107) is simplified to: 


II-108, N 
. ( ) Cp ee ane 


aN 


(11-108) was shown in Section III-14 to be a relatively 
good approximation to the dutch roll damping ratio. 


Performing the above substitutions yields: 


7, * (i ‘) wae} c, cy es 


“~ 109) 


/0,) 47) (Kay) 





(101-110) 
2 
oy, a's kz) C 
: 4 [bs C, iCn (01,05, fecarn(“E) 7 
Tp cs (ee) Ca, 
(IIl- 111) _1fb a C, 
np ‘7 Kee 
(II1- 112) 
8\k.. ec 
2 =", 
where: 


SECTION 20 - EFFECT OF FLIGHT CONDITION ON THE LATERAL TRANSIENT 
RESPONSE OF AN AIRPLANE 


In this section, traces of the solutions of the equations 
of motion obtained from an analog computer are pre- 
sented; these records show the effect of flight condition 
on the transient response of an airplane. Also included 
are some analog computer solutions showing the effects 
of single dimensional stability derivative variation. The 
stability derivatives used in this analysis are theoretical 
values calculated for a hypothetical high-performance jet 
airplane of conventional cruciform configuration. 


Figures I-69, III-70, 10-71, and III-72 show the effect 
of Mach number variations at constant altitude. Several 
trends are indicated in these plots. The dutch roll 
natural frequency increases with Mach number while 
the dutch roll damping ratio remains roughly constant . 
At least for subsonic Mach numbers, these trends are 
generally reliable, and C, E and Ch can be considered 


Thus, (III-111) and (III-112) can be 
increases with Mach number 


roughly constant. 
used to predict that a 
D 


and that (, is independent of Mach number. 


Figures III-70, III-73, and III-74 show the effect of 
altitude variation at constant Mach number. These 
graphs indicate that the dutch roll damping ratio de- 
creases with increasing altitude and actually becomes 
unstable at 60, 000 feet. This effect can be predicted 
from equation (III-112): since the density appears in the 
numerator, {, decreases as the altitude increases. 


Figures III-75, III-76, and lII-77 show the effect of 
changing N, and indicate that the principal effect of N. 
in becoming more negative is to increasethe dutch roll 
damping ratio. This result checks with the conclusion 
drawn in Section III-18. 
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Figure III-67 Effect of A' on Parameters of the Lateral Characteristic Equation 
Base Case Equation (A‘ «.0358) 
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Figure III-68 Effect of B' on Parameters of the Lateral Characteristic Equation 
Base Case Equation (B' = .0259) 
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Figuce III-69 Analog Computer Record of Time History for Pulse Aileron Deflection, 
Three Degree of Freedom (Mach No. = .4; Altitude = Sea Level) 
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Figure III-70 Analog Computer Record of Time History for Pulse Aileron Deflection. 
Three Degree of Freedom (Mach No.* .8; Altitude = Sea Level) 
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Figure III-71 Analog Computer Record of Time History for Pulse Aileron Deflection. 
Three Degree of Freedom (Hach No. = 1.0; Altitude «Sea Leve!) 
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Figure III-72 Analog Computer Record of Time History for Pulse Aileron Deflection. 
Three Degree of Freedom (Hach No. = 1.2; Altitude = Sea Level) 
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Figure III-73 Analog Computer Record of Time History for Pulse Aileron Deflection, 
Three Degree of Freedom (Mach No. = .8; Altitude = 30,000 Ft.) 
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Figure III-74 Analog Computer Record of Time History for Pulse Aileron Deflection. 
Three Degree of Freedom (Mach No. = .8; Altitude = 60,000 Ft.) 
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Figure II1I-75 Analog Computer Record of Time History for Pulse Aileron Deflection. 
Three Degree of Freedom (Mach No. = .638; Altitude = 20,000 Ft; N, =-.0957) 
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Figure III-76 Analog Computer Record of Time History for Pulse Aileron Deflection. 
Three Degree of Freedom (Mach No. » .638; Altitude = 20,000 Ft; N. =-.1053) 
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Figure III-77 Analog Computer Record of Time History for Pulse Aileron Deflection. 
Three Degree of Freedom (Mach No. = .638; .Altitude = 20,000 Ft; N, =—.1148) 
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Figures I-78, III-79, and III-80 show that the main 
effect of increasingN, is to increase the dutch roll 
matural frequency. This result also checks with that 
found in Section I-18. 


In summary, the basic purpose of presenting the material 
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contained in this section is to demonstrate that much of 
the information concerning the dynamic response of an 
airplane can be obtained mathematically only by rather 
lengthy computational methods and that the same in- 
formation can be rather simply obtained with the aid 
of an analog computer. 
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Figure III-78 Analog Computer Record of Time History for Pulse Aileron Deflection. 
Three Degree of Freedom (Mach No.*= .638; Altitude = 20,000 Ft; Ng = 3.55) 
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Figure III-79 Analog Computer Record of Time History for Pulse Aileron Deflection, 
Three Degree of Freedom (Mach No. = .638; 
Altitude= 20,000 Ft; Ng=3.91) 
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Figure I11-80 Analog Computer Record of Time History for Pulse Aileron Deflection, 
Three Degree of Freedom (Mach No. = .638; Altitude «= 20,000 Ft; Nag = 4.26) 
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CHAPTER IV 
DISCUSSION OF STABILITY DERIVATIVES 


SECTION 1 - INTRODUCTION 


In the preceding chapters of this volume, the coefficients 
in the airframe transfer functions have been shown to 
depend almost wholly upon the stability derivatives; that 
is, upon aerodynamic partial derivatives. The numerical 
examples previously cited show that small changes in 
the values of some of these derivatives can produce pro- 
nounced effects on the airframe response to disturb- 
ances, 


A knowledge of the values of stability derivatives is 
therefore very important in designing an integrated 
airframe-autopilot-controls system. Chapter IV dis- 
cusses stability derivatives in greater detail than does 
the preceding material of this volume, so that the nec- 
essary background for an appreciation of their effects 
on airframe response may be acquired. 


The plan for this chapter is first, in Section 2, to dis- 


cuss the various forms of stability derivatives and to 
show the importance and application of each form; next, 
in Section 3, to treat each derivative separately and in 
detail; and finally, in Sections 4 and 5, toenumerate and 
to discuss the various factors that affect the values of 
stability derivatives, such as airframe geometry, Mach 
number, and dynamic pressure. 


No attempt is made here to provide a general handbook 
for evaluating or estimating stability derivatives with a 
particular airframe in mind. Present day design trends 
are toward aircraft of unconventional geometry which 
are operated in the transonic region and subjected to 
great aeroelastic effects. The resulting complexity of 
factors involved in particular applications makes it 
necessary to consult many detailed references, and at 
present the services of a competent aerodynamicist are 
required, 


SECTION 2 - THE DIFFERENT FORMS OF STABILITY DERIVATIVES 


Preceding sections have shown that the requirements of 
particular applications often make it convenient to deal 
with the equations of motion in several different forms . 
The equations may be dimensional or non-dimensional in 
conjunction with different axis systems, and a corre- 
sponding set of stability derivatives is associated with 
each form of the equations. 


The stability derivatives used in the design stage of an 
airframe are usually obtained from various unrelated 
theoretical reports, from wind tunnel data on models, 
and from flight test data on similar full-scale aircraft. 
Consequently, the available data are found in varying 
forms and may be expressed with respect to any one of 
the three common axis systems. It is therefore ex- 
tremely important, when making use of these unrelated 
data, to examine the form of the stability derivatives 
given in each source and to make the conversion, if 
necessary, to the one consistent form which corresponds 
to that of the equations of motion to be used in setting 
up the airframe transfer functions. 


(a) DIMENSIONAL AND NON-DIMENSIONAL FORMS 


In the literature relating to aircraft stability and control, 
four different forms of stability derivatives appear, but 
little or no distinction in terminology is made among 
them; all are referred to as "Stability derivatives" re- 
gardless of the particular form. For purposes of dis- 
cussion and for clarification, it is convenient to illus- 
trate what these four general forms are as they are used 


in this manual. 


Example 1. Basic dimensional stability derivatives: 


aL 


op 


Example 2. Dimensional stability derivative parameters: 
(8 
Example 3. Basic non-dimensional stability derivatives: 
ae sa ° es) ra 
\ 
Example 4. Non-dimensional stability derivative para - 


meters: 
\ 2 
bb (+) Ce, Ci, 


x 


It may be seen from the examples that the dimensional 
form (examples 1 and 2) is concerned with direct forces, 
moments, and velocities, whereas the non-dimensional 
form (examples 3 and 4) is concerned with force and 
moment coefficients and with non-dimensional velocities 
(e.g., pb/2U is the non-dimensionalized form of the 
rolling velocity, p). It may also be seen that the basic 
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stability derivatives (examples 1 and 3) do not involve 
moments of inertia, whereas the stability derivative 
parameters (examples 2 and 4) are functions not only 
of moments Of inertia but of the basic stability deriva- 
tives. Conversion relations between these four general 
forms and also specific mathematical definitions of 
individual derivatives are given in Appendix IV-+1 (Tables 
IV-1 to IV-4). 


It must be emphasized that the specific notation and the 
specific definitions used in this manual are not neces- 
sarily employed by all writers on the subject. For 
example, Durand,in a basic aerodynamic reference work 
(Reference 4), uses the notation Lp to signify the partial 
derivative oL/op, whereas most of the present-day 
writers use L, (or Lg ) to represent the stability de- 
rivative parameter (1/1,)(0L/9p), On the other hand, 
almost everyone uses the same notation for such basic 
non-dimensional stability derivatives as Cy cL and 
Cae 

Tou..y only two of the four forms listed above appear 
to be of practical importance; these are the basic non- 
dimensional stability derivative (e.g., Cy ) and the 


dimensional stability derivative parameter (e.g., Lp De 


The basic non-dimensional form (Cc, ) is important 


because correlation between the performance of different 
airframes or the same airframe at different flight con- 
ditions is most easily attained with these stability de- 
rivatives; as a result, aerodynamic stability derivative 
data from wind tunnel tests, flight tests, and theoretical 
analyses are usually presented in the basic non-dimen- 
sional form. | 


The dimensional stability derivative parameter form 
(L, ) is important because stability derivatives in this 
form can be used directly as numerical coefficients in 
the sets of simultaneous differential equations describing 
the dynamics of the airframe, when the equations are 
based on real time. Thus, stability derivatives in this 
form are useful in determining the analytic transfer 
functions of the airframe and in setting up the mathe- 
matical model of the airframe on an analog computer in 
preparation for synthesis with auto-pilot and controls 
systems, 


In this volume, then, most of the discussion dealing with 
the evaluation of stability derivatives makes use of the 


basic non-dimensional stability derivative form ( Cr, ); 


and the discussion dealing with airframe transfer func- 
tions, with airframe synthesis with other components, 
and with analog computer techniques makes use of the 


dimensional stability derivative parameter form (L, ). 
(ob) STABILITY DERIVATIVE REFERENCE AXES 


In addition to establishing the form of stability derivative 
to be used, any particular form of the equations of 
motion also establishes the reference axis system for 
the associated stability derivatives. For example, when 
dealing with equations of motion based on the stability 
axis system, stability derivatives based on this system 
should be used. Similarly, when dealing with equations 
of motion based on principal axes, stability derivatives 
based on principal axes should be used. 


It was shown in Chapter II that the stability axis system 
is probably the most generally useful, mainly because 
the evaluation of derivatives from wind tunnel tests and 
from theoretical considerations is easier with this axis 
system. 


It-must be remembered, of course, that there are some 
instances where other axis systems are used as bases 
for evaluation. 'Wind tunnel" axes, for example, are 
usually employed as the reference system for obtaining 
derivative data in low speed wind tunnel tests. On the 
other hand, for high speed wind tunnel tests, stability 
derivative data are usually obtained with respect to body 
axes oriented by a convenient longitudinal reference 
line of the airplane, such as the fuselage reference line 
or the wing chord line. Again, in the supersonic range, 
theoretical derivatives are also easier to evaluate with 
respect to body axes for which the x-axis Hes parallel 
to the wing chord. Finally, stability derivatives obtained 
from flight tests are usually oriented with respect to 
body axes;here the x-axis is determined by the instru- 
ment alignment in the airplane. 


If, as in this volume, the stability axis system is chosen 
as the basic system, then stability derivative data based 
on "wind tunnel" or on body axes should be converted to 
the stability axis system. Whether this conversion is 
actually required for any particular case depends upon 
the particular axis system involved, the magnitude of 
the angular displacement between the systems, and the 
desired accuracy of the stability derivatives for the 
stability axis system. As a general rule, however, it 
is necessary to make sure that all data are expressed 
in the same axis system. 


SECTION 3 - DETAILED ANALYSIS OF THE BASIC NON-DIMENSIONAL DERIVATIVES 


This section gives a short physical explanation of how 
each stability derivative arises, its importance in the 
overall] stabil{ty and céntrol problem, and a qualitative 
estimate of desirable values for design purposes. 


The plan is to consider each derivative in turn, starting 
with the longitudinal derivatives pertaining to the drag, 
lift, and pitching moment coefficients, Cy) , C,, and 
C,,, and then progressing to the lateral derivatives re- 
lated to the side force, yawing moment, and rolling 


moment coefficients, Cy, C,, C;. 


It is apparent from this plan that certain limits have 
been imposed upon the scope of this discussion. A more 
complete analysis would include a detailed discussion 
of the effect of airframe configuration, Mach number, 
aeroelasticity, unsteady flow, etc,, upon each deriva- 
tive, rather than the general discussion of such factors 
which appears in Sccticn 4 of this chapter. In addition, 
a more complete an:lysis would include means of esti- 








mating values of stability derivatives for airframe con- 
figurations in the preliminary design stage, and finally 
it would supply a means of evaluating the probable ac- 
curacies of these values. Only with a complete know- 
ledge of all the variables that affect stability derivatives 
could the generalized problem of an optimum airframe- 
autopilot-controls system be solved. 


Even if sufficient information were available for a com- 
plete detailed analysis of the basic non-dimensional 
stability derivatives applicable to all airframes operated 
at any flight condition, the final product, although it 
might be of great benefit to the aerodynamicist, would 
be far too unwieldy and detailed to be of use to all those 
concerned with an integrated airframe-autopilot-controls 
system. It is hoped, therefore, that the following pages 
succeed in their basic purpose of providing a physical 
"feel" for stability derivatives. This purpose may seem 
modest in the light of the overall problem, but if it is 
achieved, considerable progress will have been made 
in broadening the outlook of the various specialists con- 
cerned with this problem of optimization. 


It is appropriate at this point to enumerate the specific 
limitations in the analysis and interpretation of the 
material in this section: 
1. The.derivatives are discussed with reference to 
jet fighter type aircraft having wings of aspect ratio 
less than 6.0 and operating up to Mach numbers of 
approximately 2.0. Some of the statements and con- 
clusions may not be entirely applicable to bomber 
type or high aspect ratio wing type of aircraft. 
2. Unless otherwise mentioned, all statements relate 
to an airframe alone or to the airplane plus human 
pilot. Some of the statements do not necessarily 
apply to the airframe-plus-autopilot combinations . 
3. Unless otherwise mentioned, all statements are 
for an inelastic airframe. 
4. Unless otherwise mentioned, all statements are 
for an airframe in the aerodynamically clean con- 
figuration. 
5. Unless otherwise mentioned, all statements are 
for unstalled flight. 


In addition to recognizing these specific limitations upon 
the following material, it may be helpful if certain terms 
are explained before proceeding with the discussion of 
the stability derivatives themselves. 


In certain instances a distinction is made between direc- 
tional and lateral modes. Directional modes involve 
sideslip and yawing motion only. Lateral modes, used 
in this particular sense, involve rolling motion only. 
However, both directional and lateral modes are involved 
in the so-called lateral motions used in a general sense 
to distinguish them from longitudinal motions. 


Reference is made to the two classes of stability de- 
rivatives: static and dynamic. The static derivatives 
arise from the position of the airframe with respect 
to the relative wind, and include such derivatives as 
cL» C Cay? and C, . The dynamic derivatives 


arise from the motion (velocities) of the airframe, and 
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include such derivatives as cc Cc, , and c,. 
Dp 


9 9 
a; a, 


Although the derivative C, j is discussed, no reference 
is made to the associated derivatives C; ; and C ; be- 


cause little is known about them. 


In discussing desirable values of stability derivatives, 
there are usually three considerations involved: per- 
formance, stability, and control. In selecting values for 
derivatives where these three considerations have mu- 
tually conflicting requirements, it should be pointed out 
that in present design practice performance considera- 
tions come first, followed by control, and then stability. 





Figure IV-1 Equilibrium Drag Coefficient 


Cy 


Although not referred to as a stability derivative in the 
usual sense, the equilibrium drag coefficient, Cp , is 
the main contributor to the dimensional stability de- 
rivative parameter xX,‘ the change in fore and aft force 
with forward velocity, and a minor contributor to the 
dimensional stability derivative parameter 2,**, the 
change in vertical force with angle of attack. 


In general, any portion of the airframe in contact with 
the external airstream contributes to the airframe drag. 
The fuselage, engine nacelles, external stores, tail 
surfaces, and internal engine ducts all contribute rel- 
atively small increments in comparison with the wing 
which contributes the major portion of the drag, espe- 
cially at high angles of attack or high Mach numbers. 


By definition, the drag coefficient is always measured 
al the direction of the relative wind; hence the equi- 
librium drag coefficient is measured along the negative 
equilibrium x-axis in the stability axis system (Figure 


IV-1) and is always positive in sign. In contrast, it 
should be pointed out that the derivative X, is at all 


times measured along the x-axis and is always negative 
in sign. 


As far as the performance of an airframe is concerned— 
range, speed, rate of climb, etc. —the drag coefficient 
is one of the most important parameters. It is apparent, 
then, that a desirable value of C, is one which is as 


* Xe SU -cy- Cp, | 


SUT : 
** Zyros |G, ~ Oo 
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small as possible. 


On the other hand, when airframe dynamics are con- 
sidered, C, is the main contributor to the damping of 
the phugoid mode, and the larger the value of Cp), the 
better the damping. However, flight experience has 
shown that the damping of the phugoid is of little im- 
portance in determining satisfactory flying qualities of an 
airframe as far as the pilot is concerned. Clearly then, 
performance requirements rather than flying qualities 
should dictate the design value of C,. 


Wind A Drag 


Zz 


Sou Py 


Figure IV-2 Drag Coefficient Change Due to 
Variation in Forward Velocity 


Cy 
uu 
The stability derivative Cy is the change in drag coeffi- 


cient with varying forward velocity, the angle of attack 
and the altitude remaining constant. To non-dimen- 
sionalize this derivative, Cp. in this manual is defined 


mathematically as (U/2)(20C,/du), a term which appears 
as a part of the dimensional derivative parameter X,° , 
the change in fore and aft force with change in forward 
velocity. 


Cp can arise from two sources: Mach number effects 


and aeroelastic effects. In most cases Cp arising from 


the latter of these is zero or very small and can be neg- 
lected. Cy, arising from Mach number effects is very 


small for low subsonic Mach numbers but sometimes 
reaches a considerable positive value near the critical 
Mach number of an airframe (.8<M<1.0), where a large 
increase in drag occurs. 


The effect of a positive value of Cp on longitudinal dy- 


namics is an increase in the damping of the phugoid 
mode. However, as pointed out under the discussion 
of C,, this damping is believed to be of little importance 
as far as satisfactory flying qualities of an airframe 
are concerned. From a performance viewpoint, the 
smallest possible value of Cy is desirable because of 


the low rise in drag associated with it. 


Until the relatively recent advent of high Mach number 
: SU yu oC, 
Mu? a be- 4 “a 


SU 
**x, 20 50 [c, - Cp, | 


flight, the derivative Cp, was seldom mentioned in 


stability and control literature. There is evidence in 
the current literature that some consideration is being 
given it, but until further results are published, de- 
finitive information regarding the importance of Cy. in 


longitudinal dynamics will not be available. 
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Figure IV-3 Drag Coefficient Change Due to 
Variation in Angle of Attack 


Cy 
The stability derivative Cy. is the change in drag coeffi- 
cient with varying angle of attack. When the angle of 


attack of an airframe increases from the equilibrium 
condition, the total drag will increase; hence C, will 


normally be positive in sign. By far the largest con- 
tribution to Cp comes from the wing, but there are 


small contributions from the horizontal tail and the 
fuselage. It is to be kept in mind that drag is always 
measured with respect to the relative wind and not along 
the x-axis in the stability axis system. However ,the 
dimensional derivative parameter X,*', of which C, is 


a part, is measured along the x-axis. 


The derivative Cy. is usually unimportant in airframe 


dynamics. It affects mostly the phugoid mode, where 
a decrease inc, increases stability; however, this 


effect is slight, mainly because the changes in angle of 
attack occurring in phugoid motion are small. 





Lift 





Figure IV-4 Equilibrium Lift Coefficient 


C., 


Although not referred to as a stability derivative in the 
usual sense, the equilibrium lift coefficient, C,, con- 
tributes the major portion of the dimensional stability 
derivative parameter Z,° , the change in vertical force 
with varying forward velocity, and X, , the change in 
fore and aft force with varying angle of attack. 


By definition, lift coefficient is always measured per- 
pendicular to the relative wind and is positive upward 
(Figure IV-4) and so the equilibrium lift coefficient is 
measured along the negative equilibrium z-axis of the 
stability axis system. On the other hand, z, is always 
era a along the positive z-axis and is positive down- 
ward, 


The equilibrium lift coefficient must be distinguished 
from the transient lift coefficient, the value of which can 
change during a disturbance. Normally, the equilibrium 
lift coefficient of an airframe is positive in sign; how- 
ever, the transient lift coefficient can be of negative 
sign during push-over type maneuvers or in gusty 
weather flight. 


The equilibrium lift coefficient, C,, is one of the basic 
parameters used to specify the flight condition of an 
airframe. Low values of C, are associated with low 
angles of attack and high speeds, whereas high values 
of cy, are associated with high angles of attack and low 
speeds, 


In longitudinal dynamics, variations in the equilibrium 
lift coefficient principally affect the phugoid mode, with 
both the damping and the period decreasing with an in- 
crease in ©,. In addition, because many of the lateral 
derivatives are functions of c,, the lateral dynamics 
are also affected; the main effect is a decrease in Dutch 
roll damping with an increase in C,. 


Although low values for C, are therefore preferable for 
stability, more important performance considerations 
usually take precedence in determining the desirable 
values of this derivative. 


A Lift 





Figure 1V-5 Lift Coefficient Change Due to 
Variation in Forward Velocity 
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As far as performance is concerned, a large range of 
equilibrium lift coefficients is desirable because a low 
value of C, and its associated low drag is desirable to 
attain high cruising speeds, and yet a high value of 
C, is desirable to permit low landing speeds. 


Cc 
ty 


The stability derivative C, , is the change in lift coeffi- 

cient with variations in forward velocity, angle of attack 

and altitude remaining constant. To non-dimensiona- 

lize this derivative, c, in this volume is defined as 
u 


(U/2) (8C, /oU), a term which appears as a part of the 
dimensional derivative parameter z,**, the change in 
vertical force with varying forward velocity. 


C, arises from two sources: Mach number effects and 
aeroelastic effects. The magnitude of the total Cc, can 


vary considerably and its sign can change, depending not 
only upon the airframe geometry and its elastic pro- 
perties, but also upon the Mach number and dynamic 


‘pressure at which it is flying. The magnitude of CL is 


negligibly small for low speed flight, but it may reach 
a considerable value near the critical Mach number of 
the airframe. 


Until recently, the derivative C, was given little or 
u 


no consideration in stability and control research, and 
because of the present lack of published information 
concerning it, the relative importance of C, has not 


been established. It is believed, however, that the effect 
of C, on longitudinal stability and control is quite 
u 


small, and that it mainly affects the phugoid mode in 
such a manner that a positive value of C, decreases 
the period of the phugoid. . 
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Figure IV-6 Lift Coefficient Change Due to 
Variation in Angle of Attack 
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C a 


The stability derivative C, is the change in lift coefft- 
cient with varying angle of attack. CL. is commonly 


known as the "lift curve slope."' When the angle of attack 
of the airframe is increased, the lift force will increase 
more or less linearly until the wing stalls. The deriva- 
tive CL. is therefore always positive in sign at angles 


of attack below the stall. It should be pointed out that 
the aerodynamic lift force by convention is always 
measured perpendicular to the relative wind (flight path) . 


The total airframe C,_ is made up of contributions from 


the wing, the fuselage, and the horizontal tail. Ordi- 
narily the wing accounts for about 80% to 90% of the total 
CL although the wing contribution becomes less if the 


size of the fuselage is large in comparison with the size 
of the wing. 


The derivative CL. is very important to the equilibrium 


flight condition of an airframe; it is also important in 
dynamic considerations. 


In the equilibrium flight condition, a high value of Cy. is 


desirable because, fora given angle of attack, the air- 
frame with the higher value of Cy will usually have 


a lower drag, and therefore better performance. Cy. is 


also important in establishing the attitude of the air- 
frame at landing and take-off; when the value of C, is 


low, the airframe must land and take-off at a relatively 
high angle of attack. If this has to be done, pilot visibil- 
ity is impaired, and difficulty in designing the landing 
gear is aggravated. 


As far as dynamic stability is concerned, this derivative 
makes an important contribution to the damping of the 
longitudinal short period mode for all aircraft and 
especially for tailless aircraft because in this case 
almost all the damping of the short period mode comes 
from C,. 


A high value of Cy. would therefore be desirable on all 





A Lift 
= ofS 
Wind 
Before 
Disturbance w 
aT z 
Wind After 2 CCL . 2U O(Lift) 
Disturbance La a(2¢) gsc 8 a 
2U 


Figure IV-7 Lift Coefficient Change Due to 
Variation in Rate of Change of Angle of Attack 


counts were it not for the fact that such values of C, are 


necessarily associated with a high aspect-ratio unswept 
wing-~a configuration which is contrary to present design 
trends; consequently this high C, is not always realized 
in practice. 7 

C,. e 


a 
The stability derivative C, , 18 the change in lift coeffi- 


cient with variation in rate of change of angle of attack. 
This derivative is sometimes alerred toas C,,, the 


change in lift coefficient with vertical acceleration. The 
relation between these two forms is given by C, *U C,. 


sinceaaw/U. These derivatives arise from a so-called 


"plunging" type of motion along the z-axis, in which the 
angle of pitch, 9, remains zero during the disturbance. 


The derivative CL. arises essentially from two inde- 


pendent sources: an aerodynamic time lag effect and 
various "dead-weight" aeroelastic effects. For low 
speed flight, CL. arises mostly from the aerodynamic 


lag effect, and its sign is positive. For high speed 
flight the sign of C, 4 can be positive or negative, de- 


pending on the nature of the aeroelastic effects. 


The horizontal tail of a conventional airframe is im- 
mersed in the downwash field of the wing and is mounted 
some distance aft of the wing. Whenever the wing under- 
goes a change in angle of attack, the downwash field 
is altered; and since it takes a finite length of time be- 
fore this downwash alteration arrives at the tail, the re- 
sulting lift on the tail lags the motion of the aircraft 
and creates the derivative C, ,; Even for tailless air- 


craft C.. apparently has a value due to the fact that the 


wing must accelerate the air mass in its path as it ac- 
celerates (apparent mass effect). 


Since the type of motion under consideration is an ac- 
celeration (W), C,, can also arise from aeroelastic 


effects such as wing twisting due to the dead weight 
moment caused by nacelles projecting in front of the 
wing, and from fuselage bending caused by the dead 
weight of the aft fuselage and empennage section, both 
of which change the effective angle of attack of the hori- 
zontal tail. 


The derivative C, , is usually unimportant in longitudinal 


dynamics. The effect of CL. on longitudinal dynamics is 


essentially the same as if the airframe's mass or inertia 
were changed in the equation relating the forces in the 
z direction. This effect is very small, and for this 
reason C,, is sometimes neglected in longitudinal 


dynamic analysis. 
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The stability derivative C,, is the change in lift coeffi- 
cient with no change of angle of attack of the airplane 
as a whole with varying pitching velocity. As the air- 
frame pitches about its center of gravity, the angle of 
attack of the horizontal tail changes, and a lift force is 
developed on the horizontal tail producing a contri- 
bution to the derivative C. The sign of this contri- 


bution is positive. 


There is also a contribution to CL. because of various 


“dead weight" aeroelastic effects. Since the airframe is 
moving in a curved flight path due to its pitching, a 
centrifugal force is developed on all the components of 
the airframe. This force can cause the wing to twist 
as a result of the dead weight moment of overhanging 
nacelles, and can cause the horizontal tail angle of attack 
to change as a result of fuselage bending due to the 
weight of the tail section. 


In low speed flight, CL comes mostly from the effect 


of the curved flight path on the horizontal tail and its 
sign is positive. In high speed flight the sign of CL. can 


be positive or negative, depending on the nature of the 
aeroelastic effects. 
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Figure IV-9 Lift Coefficient Change Due to 
Variation in Elevator Deflection 


In past experience, the effect of CL on longitudinal sta- 


bility has usually been very small and it has therefore 
been neglected in dynamic analyses, but because of the 
possibility of great aeroelastic effects, especially at high 
Mach number flight, the magnitude of CL may be in- 


creased considerably and it is not certain that it can be 
neglected. 
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The stability derivative CL, is the change in lift coeffi- 
E 


cient with changes in elevator deflection. When the 
elevator is deflected upward a negative increment in 
lift on the horizontal tail results; hence the derivative 
C, : is normally negative in sign. 

Eg 


On conventional aircraft with the horizontal tail mounted 
at an appreciable distance aft of the center of gravity, 
C.. is usually very small and its effect is unimportant; 
£ 
however on tailless aircraft, C,, is comparatively 
E 
large, and cannot be negiected. 
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Figure IV-10 Aerodynamic Pitching Moment Coef fi- 
cient in Equilibrium Flight 
C, 


C, is the aerodynamic pitching moment coefficient about 
the c.g. required to balance the moment coefficient due 
to thrust when the airframe is in the equilibrium flight 
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condition. It is not usually referred to as a stability 
derivative although it appears in the dimensional stability 
derivative M,*. | 


It will be shown later that the thrust moment coefficient 
is given by Cy" Tz_/a8c where T is the thrust and z, is 


its moment arm about the c.g. (Figure IV-10). In order 
to balance out this thrust moment coefficient in the 
equilibrium condition the required aerodynamic moment 
coefficient (which would come mostly from a trim ele- 
vator deflection) must be the same magnitude but of 
opposite sign: 


Ts 
CoG" age 


The sign of ©, is negative when the line of thrust is be- 
low the c.g. 


From the above expression it is apparent that the value 
of ©, will be zero only if the thrust is zero (gliding 
flight), or if the thrust moment arm, Z,, is zero. It 
is important to point out that in most of the literature 
dealing with the classical equations of motion gliding 
flight has been assumed, and C, has therefore been 
zero. When considering powered flight, however, the 
equilibrium value of C, is not necessarily zero, and 
should be included in dynamic longitudinal stability 
studies. 


The importance of C, in airframe dynamics has not been 
definitely established. It principally affects the longi- 
tudinal phugoid mode where positive values of C, will 
tend to decrease the period of the oscillation. 


Wind 





Figure IV-11 Pitching Moment Change Due to 
to Variation in Forward Velocity 
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The stability derivative C, is the change in pitching 


moment coefficient with variation in forward velocity , 
angle of attack and altitude remaining constant. In order 
to non-dimensionalize this derivative, Cy in this volume 


is defined as (0/2)(0C,/20),. 
The magnitude of C. can vary considerably and the sign 


can change, depending upon such factors as the air- 


* My» £Stc [ca * Cy | 
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frame's geometry and its elastic properties, and the 
Mach number and dynamic pressure at which it is flying. 
This derivative can arise from three sources: thrust or 
power effects, Mach number effects, and aeroelastic 
effects. 


In the past, the literature has treated C, only asa 


power effect arising from the propwash of propeller- 
driven aircraft. Today, however, because of the use 
of jet engines and the associated alleviation of power 
effects on dynamic stability, the Cy from thrust effects 


is probably small. (The thrust effects themselves are 
discussed more thoroughly in part 5 (g) of Section 4.) 
On the other hand, the contributions to Cy, due to Mach 


number and aeroelastic effects are becoming more and 
more important, and it is believed that these effects 
should no longer be neglected when evaluating c, - 


The importance of the derivative Ca, in airframe dynam- 


ics has not been definitely established. It principally 
affects the longitudinal phugoid mode, where positive 
values of C, will tend to decrease both the period and 


the damping of the oscillation. This effect can become 
quite objectionable, especially when the phugoid motion 
is lightly damped. It appears therefore that zero, or 
at most, very small values of c_ are desirable. 
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Figure IV-12 Pitching Moment Coefficient Change 
Due to Variation in Angle of Attack 
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C,. 


The stability derivative Cy is the change in pitching 


moment coefficient with varying angle of attack and is 
commonly referred to as the longitudinal static stability 
derivative. When the angle of attack of the airframe 
increases from the equilibrium condition, the increased 
lift on the horizontal tail causes a negative pitching 
moment about the center of gravity of the airframe. 
Simultaneously, the increased lift of the wing causes 
a positive or negative pitching moment, depending on 
the fore and aft location of the lift vector with respect 
to the center of gravity. These contributions together 
with the pitching moment contribution of the fuselage 
are combined to establish the derivative C, 


The magnitude and sign of the total C, for a particular 


airframe configuration are thus a function of the center 
of gravity position, and this fact is very important in 








longitudinal stability and control. The aerodynamic 
center of the airframe is the fore and aft location along 
the airframe where the increment of lift due to a change 
in angle of attack effectively acts. If the center of 
gravity is ahead of the aerodynamic center, the value of 
c. is negative, and the airframe is said to possess 


static longitudinal stability. Conversely, if the center 
of gravity is aft of the aerodynamic center, the value 
of Cy. is positive, and the airframe is then statically 


unstable. 


C,_ 1s perhaps the most important derivative as far as 


longitudinal stability and control are concerned. Ca, 

rimarily establishes the natural frequency of the short 
period mode, and is a major factor in determining the 
response of the airframe to elevator motions and to 
gusts. In general, a large negative value of C, (i.e. , 


large static stability) 1s desirable for good flying quali- 
ties. However, if C. is too large, the required ele- 


vator effectiveness for satisfactory control may become 
unreasonably high. A compromise is thus necessary in 
selecting a design range for Cc, . 


Design values of static stability are usually expressed 
not in terms of C,, but rather in terms of the derivative 
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Figure IV-13 Pitching Moment Coefficient Change Due 
to Variation in Rate of Change of Angle of Attack 
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Cag, , where the relation is: C, = fae, Sb" 
It should be pointed out thatC,. in the above expression 


is actually a partial derivative for which the forward 
speed remains constant. 


c,. 


The stability derivative ©,. is the change in pitching 
moment coefficient with variation in rate of change of 
angle of attack. This derivative is sometimes referred 
to as Cy. , the change in pitching moment coefficient 
with change in vertical acceleration. The relation be- 
tween these two forms is given by C,, -UC,. , since 


axw/U. These derivatives arise from a so-called 
plunging’ type of motion along the z-axis, in which 
the angle of pitch, « , remains zero during the dis- 
turbance. 


The derivative C,. arises essentially from two inde- 


pendent sources: an aerodynamic time lag effect and 
various "dead weight" aeroelastic effects. For low 
speed flight Cy. will come mostly from the aerodynamic 


lag effect and its sign will be negative. For high speed 
flight the sign ofC,, can be positive or negative, de- 


pending on the nature of the aeroelastic effects. 


The horizontal tail of a conventional aircraft is mounted 
some distance aft of the wing and is immersed in the 
downwash field of the wing. Whenever the wing under- 
goes a change in angle of attack, the downwash field is 
altered, and since it takes a finite length of time before 
this downwash alteration arrives at the tail, the result- 
ing lift on the tail, and consequently the resulting pitch- 
ing moment on the airframe, lags the motion and creates 
the derivative C., . Even for tailless aircraft there 


apparently exists a value for Cy: due to the fact that the 


wing must accelerate the air mass in its path as it ac- 
celerates (apparent mass effect). ; 


Since the type of motion under consideration is an ac- 
celeration (w) , C,, can also arise from aeroelastic 


effects such as wing twisting due to the dead weight 
moment caused by the projection of the nacelles in front 
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Figure IV-14 Pitching Moment Coefficient Due to 
Variation in Pitching Velocity 
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of the wing, and bending of the fuselage caused by the 
dead weight of the aft fuselage and empennage section. 
This twisting and bending changes the effective angle of 
attack of the horizontal tail. 


The derivative C,- is quite important in longitudinal 


dynamics because it is involved in the damping of the 
short period mode. A negative value of C,. increases 
the damping of this mode; consequently, high negative 
values of this derivative are desirable. 


Ca, 


The stability derivative Cay 


moment coefficient with varying pitch velocity and is 
commonly referred to as the pitch damping derivative . 
As the airframe pitches about its center of gravity path, 
the angle of attack of the horizontal tail changes, and 
a lift force is developed on the horizontal tail producing 
a negative pitching moment on the airframe and hence a 
contribution to the derivative Ca, : 


is the change in pitching 


There is also a contribution to Ca, because of various 


"dead weight" aeroelastic effects. Since the airframe is 
moving in a curved flight path due to its pitching, a 
centrifugal force is developed on all the components 
of the airframe. The force can cause the wing to twist 
as a result of the dead weight moment of overhanging 
nacelles, and can cause the horizontal tail angle of 
attack to change as a result of fuselage bending due to 
the weight of the tail section. 


In low speed flight, C, q comes mostly from the effect 


of the curved flight path on the horizontal tail and its 
sign is negative. In high speed flight the sign of Ca, can 


be positive or negative, depending on the nature of the 
aeroelastic effects. 


The derivative Ca, is very important in longitudinal 


dynamics because it contributes a major portion of the 
damping of the short period mode for conventional air- 
craft. As pointed out, this damping effect comes mostly 
from the horizontal tail. For tailless aircraft, the 
magnitude of C, ;: is consequently small; this is the main 


reason for the usually poor damping of this type of con- 
figuration. C,, is also involved to a certain extent in the 


damping of the phugoid mode. In almost all cases, high 
negative values of Cc, q are desirable. 


Usually c, ; is not considered as a preliminary design 


parameter except perhaps in tailless aircraft configu- 
rations. In the light of the present design trend toward 
larger radil of gyration in pitch and higher altitude 
flight, it is believed that consideration of Ch is neces- 


sary in the preliminary design stage. 
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Figure IV-15 Pitching 4onent Coefficient Change 
Due to Variation in Elevator Deflection 


Ca, , 





The stability derivative C,, 


moment coefficient with changes in elevator deflection 
and is commonly referred to as the elevator effective- 
ness (or elevator power ). When the elevator is de- 
flected upward, the resultant increment in lift on the 
horizontal tail creates a positive pitching moment about 
the center of gravity of the airframe; hence the deriva- 
tive C,, is normally positive in sign. 
R 


‘ is the change in pitching 


The primary function of the elevator is to control the 
angle of attack of the airframe both in equilibrium flight 
and in maneuvers. This function is usually considered 
to be the most important of all the control functions 
about the three axes, and so the elevator control effec- 
tiveness, C,, is of great importance in airframe design. 


The design value of Ons, is essentially determined by 


the anticipated fore and aft center of gravity travel of an 
airframe. The larger the center of gravity range, the 
larger the required value of C,, will be. To keep the 


size of the elevator within practical bounds, the center 
of gravity range must be held as small as possible. 
Thus in many cases of design, the maximum practical 
Cas, determines the allowable center of gravity range, 


and in other cases the center of gravity range determines 
the value of Cas. A desirable value of C,, cannot be 
E 


stated in general, for each design case must be analyzed 
separately. 


Cc 
72 


The stability derivative Cy , is the change in side force 


coefficient with changing sideslip angle. It can be re- 
ferred to as the "side force damping derivative."" When 
the airframe sideslips, the relative wind strikes the air- 
frame obliquely, creating a side force, Y, on the vertical 
tail, the fuselage, and the wing. It must be remembered 
that this side force is measured along the y-axis, which 
is fixcd to the airframe during the steady flight condition 
and moves with the airframe during a disturbance. 


The major portion of Cy, usually comes from the ver- 
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Figure IV-16 Side Force Coefficient Change Due 
to Variation in Sideslip Angle 


tical tail, with smaller contributions from the fuselage 
and wing. It is always negative in sign for practical air- 
frame configurations. 


The derivative c, P is fairly important in lateral dy- 


namics. Because it contributes to the damping of the 
Dutch rall mode, a large negative value of this derivative 
would appear desirable; however, a large negative value 
of Cy g may create an undesirable lag effect in the air- 


plane's response when an attempt is made to hold the 
wings level in rough air, or to perform aileron maneu- 
vers. 

Usually, Cy, is not taken as an important parameter in 
the preliminary design of an airframe. C, , comes 


mostly from the vertical tail, and the design of the ver- 
tical tail is dictated primarily by the directional stabil- 
ity (Cx s) requirements. However, reconsideration of 


the importance of Cc, , may be necessary if some types 
of autopilots are to be installed in the airframe. 





Figure IV-17 Side Force Coefficient Change Due 
to Variation in Yawing Vel. -ity 


Cy 
The stability derivative C,_ is the change in side force 


coefficient with variation in yawing velocity. Since the 
vertical tail is mounted at some distance behind the air- 
frame's center of gravity, whenever the airframe is 
rotating at a yaw velocity, r , there is an effective side 
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force developed on the tail, and this force gives the 


main contribution to the derivative Cy which will be 


positive and quite small. 
Cy. is of little importance in lateral dynamics; con- 


sequently, it is common practice to neglect this de- 
rivative in lateral calculations. 





Figure IV-18 Side Force Coefficient Change Due 
to Variation in Rolling Velocity 
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The stability derivative Cy | is the change in side force 


coefficient with variation in rolling velocity. It arises 
mainly from the vertical tail, although for some air- 
frame configurations there is also an appreciable con- 
tribution from the wing. A side force is produced on 
the vertical tail when the airframe has a rolling velocity , 
p, about the x-axis, if the vertical tail is located either 
above or below the x-axis; this is caused by the effective 
angle of attack on the tail, duetop. The sign of C,, can 


be positive or negative, depending on the vertical tail 
geometry, the sidewash from the wing, and the equilib- 
rium angle of attack of the airframe. 


Since c, is of very little importance in lateral dynam- 


ics, it is common practice to neglect this derivative in 
lateral dynamic calculations. 





Figure IV-19 Side Force Coefficient Change Due 
to Variation in Rudder Deflection 
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The stability derivative Cys, is the change in side force 


coefficient with variation in rudder deflection. Accord- 
ing to the sign convention adopted in this volume, a 
positive rudder deflection gives a positive side force , 
hence the derivative Cy, is positive in sign. 


If the airframe alone is considered, the effect of the 
derivative Cys, is unimportant in lateral stability and 


control. For this reason it is usually neglected in 
lateral dynamic analyses. However, when the instal- 
lation of an autopilot is considered, c, ; should not be 


neglected in the design analyses because its influence on 
the combined airframe plus autopilot system stability 
may not be negligible. 
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Figure IV-20 Side Force Coefficient Change Due 
to Variation in Aileron Deflection 
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The stability derivative C, ba is the change in side force 


coefficient with aileron deflection. For most con- 
ventional airframe configurations, the magnitude of 
this derivative is zero; however, for certain aircraft 
with highly swept wings of low aspect ratio, a value for 
this derivative other than zero may exist. 


The effect Cy,, on lateral. stability and control is not 
known, but it is believed to be negligibly small. 
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Figure IV-21 Yawing foment Coefficient Change 
Due to Sideslip 
Cn, 


The stability derivative Cn, is the change in yawing 
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moment coefficient with variation in sideslip angle. It 
is usually referred to as the static directional de- 
rivative or the "weathercock" derivative. When the 
airframe sideslips, the relative wind strikes the air- 
frame obliquely, creating a yawing moment, N , about 
the center of gravity. The major portion of C, , comes 


from the vertical tail, which stabilizes the body of the 
airframe just as the tail feathers of an arrow stabilize 
the arrow shaft. The Ca, contribution due to the vertical 


tail is positive, signifying static directional stability, 


whereas the C,, due to the body is negative, signifying 


static directional instability. There is also a contribu- 
tion to C, p from the wing, the value of which is usually 
positive but very small compared to the body and vertical 
tail contributions. 


The derivative Ca, is very important in determining the 


dynamic lateral stability and control characteristics. 
Most of the references concerning full-scale flight tests 
and free-flight wind tunnel model tests agree that c, 


should be as high as possible for good flying qualities. 
A high value of Ch, aids the pilot in effecting coordinated 


turns and prevents excessive sideslip and yawing motions 
in extreme flight maneuvers and in rough air. Cy, pri- 


marily determines the natural frequency of the Dutch 
roll oscillatory mode of the airframe, and it is also a 
factor in determining the spiral stability characteristics. 


Because of its important effect on the lateral character- 
istics, C, i is considered to be an important preliminary 


design parameter. To take into account airframe con- 
figurations with very high wing loadings and very short 
wing spans, Reference 1 recommends the following 
formula in determining a desirable order of magnitude of 


Ca 4 for any piloted aircraft: 


> MW 
p ¢ .0286 b 


Desirable C, 


According to present design tends, this formula appears 
to be quite appropriate for airframe plus the human 
pilot, but for airframes with autopilot installations, the 
magnitude of airframec, ait indicated by the above 


formula may become unimportant. For instance, there 
is evidence that it may be advantageous to design an 
airframe with a relatively small vertical tail and yet 
achieve satisfactory flying qualities by artificially add- 
ing Ch by means of the autopilot. 


ee) 

The stability derivative C,, : is the change in yawing 
moment coefficient with variations in rate of change of 
sideslip angle. If the airframe is undergoing a rate of 
change of sideslip angle, 4 , a yawing moment can be 
produced on the airframe by the vertical tail because of 
the sidewash time lag effects from the wing and fuselage. 


Although a derivative Cha is known to exist, very little 
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Figure IV-22 Yawing Moment Coefficient Change 
Due to Variation in Rate of Change of Sideslip 


can be stated about its magnitude or algebraic sign be- 
cause of the wide variations in opinion and in interpre- 
tation of experimental data concerning it. For most 
airframe configurations, Cp , 18 apparently of rather 


Small magnitude and can probably be neglected in lateral 
dynamic calculations. For some configurations, how- 
ever, Cy, may be of the same order of magnitude as 


C,, and, of course, should not be neglected. The diffi- 


culty is that there are insufficient data at present to 
indicate for which configurations C, , may or may not 


be of importance. 


The derivative C,, must be distinguished from the de- 


rivative C,,. All stability derivatives are partial de- 
rivatives; that is, they are taken with respect to one inde- 
pendent variable at a time, the rest of the independent 
variables remaining fixed. Thus, C, A arises from a 


transient motion in which the sideslip angle is increas- 
ing with time but the rate of yaw remains zero, whereas 
C,, arises from a motion where yaw angle is increasing 


with time but the change in sideslip angle remains zero. 
During the Dutch roll oscillation of an airframe and 
during yaw oscillation tests on wind tunnel models, the 
yaw angle and the sideslip angle are both changing; con- 
sequently both Cn, and Cn, are involved in these mo- 
tions. 


When Cng cannot be neglected for a particular configura- 


tion, its effect on lateral dynamics will appear mainly 
in the Dutch roll damping characteristics. To increase 
this damping, positive values of Cc, P are desired. 

Cy 


The stability derivative C, is the change in yawing 


moment coefficient with change of yawing velocity. It is 
known as the yaw damping derivative. When the air - 
frame is yawing at an angular velocity r, a yawing 
moment is produced which opposes the rotation. C,, is 


made up of contributions from the wing, the fuselage, 
_ and the vertical tail, all of which are negative in sign. 


Ce hee IV 
enetion 3 


The contribution from the vertical tsil is by far the 
laczest, usuady amountine to about 86% or 90% of the 
tolalc, . ob te airfrane, 


The derivative €, | is very importent in lateral dynamics 


because it is the main contributor to the damping of the 
Dutch roll oscillatory motzie. It also is important to the 
spiral mode. For cach mode, large negative values of 
C,, are desired. 
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Figure IV-23 Yawing Homent Coefficient Change 
Due to Variation in Yawing Velocity 


In the past, C,, was not considered an important design 


parameter because a vertical tail design which produced 
a reasonable value of static directional stability (C,, ,) Was 


almost certain to give adequate Dutch roll damping. 
Today, however, because of design trends toward higher 
wing loadings and higher radii of gyrations in yaw in 
conjunction with high altitude flight, it is apparent that 
the vertical tail alone cannot provide sufficient Cc, for 


the damping of the Dutch roll mode. 


For present airframes without autopilots, Che must 


therefore be considered of major importance in pre- 
liminary design. Adequate Dutch roll damping can be 
obtained by effectively adding to the derivative C,. ; 
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Figure IV-24 Yawing Mount Coefficient Change 


Due to Variation in folling Velocity 


Dn, 


The stability derivative C., is the change In yawing 


moment coefficient wilh varying vollivg velocity. It 
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arises from two main sources: the wing and the vertical 
tail. Anegative yawing moment is developed on the air- 
frame because of the unsymmetrical lift distribution 
causing a difference between the drag on the right wing 
and that on the left wing when the airframe is rolling . 
The contribution from the vertical tail can be either 
positive or negative depending on the vertical tail 
geometry, the sidewash from the wing, and the equilib- 
rium angle of attack of the airframe. 


The derivative Cay is fairly important in lateral dynam- 


ics because of its influence on Dutch roll damping. It 
is usually negative in sign, and for most airframe con- 
figurations, the larger its negative value, the greater 
the reduction in Dutch roll damping. Therefore, posi- 
_ tive values of Cy, are to be desired. For the airframe 


alone, Ch is not generally considered to be an im- 


portant preliminary design parameter; however, if an 
autopilot is installed to create effective c, , this de- 
Dd 


rivative may become quite important in lateral dynam- 
ics, 





Figure IV-25 Yawing Moment Coefficient Change 
Due to Variation in Rudder Deflection 
C ; 
rt 


The stability derivative C, ; is the change in yawing 


R 
moment coefficient with variation in rudder deflection . 
This derivative is commonly referred to as the rudder 
effectiveness (or rudder power). When the rudder is 
deflected positively, that is, to the left, a negative 
yawing moment is created on the airplane; hence the 


derivative Ch, is negative. 
R 


The importance of Cas. in determining lateral and 
directional control qualities varies considerably with 
different types of airframes. 

The design value of Ch, for a jet-powered airframe 


is usually determined by considering such requirements 
as counteracting adverse yaw in rolling maneuvers, 
directional contro! in crosswind take-offs and landings, 
antisymmetric power, and spin recovery control. An 
additional factor which can be influential in establish- 

ing a design value for c, be is introduced when an auto- 


pilot operates through the rudder. 
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Figure IV-26 Yawing foment Coefficient Change 
Due to Variation in Aileron Deflection 
C 
"8, 


The stability derivative c, i is the change in yawing 


moment coefficient with change of aileron deflection . 
This derivative arises from the difference in drag due 
to the down aileron compared to the drag of the up 
aileron. The sign of Cc, - depends mainly upon the 


rigging of the ailerons and the angle of attack of the 
airframe. If negative, as it usually is,C,;, is called 
the ''adverse yaw coefficient due to ailerons" because it 
causes the airframe to yaw initially in a direction 
opposite to that desired by the pilot when he deflects the 
ailerons for aturn. If positive, it produces favorable 
yaw in the turning maneuver. 


The derivative c, : is quite important in determining 


A 
the lateral control qualities of an airframe. For good 
response to aileron deflection, C,, ' should be zero or of 


a very small positive value. 
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Figure IV-27 Rolling Moment Coefficient Change 
Due to Variation in Sideslip 
C 
ic 


The stability derivative ae is the change in rolling 


moment coefficient with variation in sideslip angle and 
is usually referred to as the "effective dihedral de- 
rivative."' When the airframe sideslips, a rolling 
moment is developed because of the dihedral effect of 
the wing and because of the usual high position of the 
vertical tail relative to the equilibrium x-axis (Mgure 
IV-27). No general statements can be made concerning 











the relative magnitudes of the contributions to c, from 


the vertical tail and from the wing since these contribu- 
tions vary considerably from airframe to airframe and 
for different angles of attack of the same airframe. 
Cig is nearly always negative in sign, signifying a 
negative rolling moment for a positive sideslip. 


Some confusion in nomenclature may arise here because 
a pilot often speaks of an airplane having "positive 
dihedral effect" if the right wing tends to rise (negative 
rolling moment) when the airplane is side-slipped to the 
right (positive sideslip). A “positive dihedral effect" 
implies that the derivative C, g is negative. In the de- 


sign stage, the value of C; a for a particular airframe 


can be adjusted at will within a large range by merely 
changing the amount of built-in wing dihedral. 


The derivative C; g is very important in lateral stability 


and control, and it is therefore usually considered in the 
preliminary design of an airframe. It is involved in 
damping both the Dutch roll mode and the spiral mode. 
It is also involved in the maneuvering characteristics 
of an airframe, especially with regard to lateral control 
with the rudder alone, near stall. 


To improve the Dutch roll damping characteristics of 
an airframe, small negative values of C, , are desired, 


but to improve the spiral stability, large negative values 
ze rie Since at least some "positive dihedral 
effect" is considered necessary for good maneuvering 
qualities, the design value of c, ; must be more or less 


of a compromise between the static lateral requirement 
of "positive dihedral effect'' and the dynamic lateral re- 
quirements of satisfying Dutch-roll damping and spiral 
stability. Most of the references concerned with full 
scale and model flight tests agree that the best flying 
qualities are obtained when the effective dihedral is 
kept rather small. 


The compromise in C; P mentioned above may be neces- 


sary only when considering the airframe plus human 
pilot combination. For an airframe with an autopilot 
installation, the selection of a design C:, for the air- 


frame alone will probably be less critical. 


.W. 





Figure IV-28 Rolling Moment Coefficient Change - 
Due to Variation in Yawing Velocity 
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Che 


The stability derivative C, 1s the change in rolling 


moment coefficient with change in yawing velocity. If 
the airframe is yawing at the rate r about the vertical 
axis, the left wing panel will move faster than the right, 
producing more lift on the left panel and consequently a 
positive rolling moment. In addition to this major wing 
contribution, the vertical tail will also contribute toC, , 


if it is located either above or below the x-axis. Its 
contribution can therefore be positive or negative, de- 
pending upon the vertical tail geometry and the equilib- 
rium angle of attack of the airframe. The sign of C,_ is 


usually positive. 


The derivative Cc De is of secondary importance in lateral 


dynamics, but, it should not be neglected in lateral 
dynamic calculations. Fora conventional airframe 
configuration, changes in C, of reasonable magnitude 


show only slight effect on the Dutch roll damping char- 
acteristics. In the spiral mode, however, C,_. has a 


considerable effect. For stability in this mode, it is 
desirable that the positive value of C;, be as small as 


possible. C;_ is not usually considered as a preliminary 


design parameter. 
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Figure IV-29 Rolling Moment Coefficient Change 
C; Due to Variation in Rolling Velocity 

p 
The stability derivative C;, is the change in rolling 
moment coefficient with change in rolling velocity and 
is usually known as the roll damping derivative. When 
the airframe rolls at an angular velocity p a rolling 
moment is produced as a result of this velocity; this 
moment opposes the rotation. C i is composed of con- 


tributions, negative in sign, from the wing and the 
horizontal and vertical tails. However, unless the 
size of the tails is unusually large in comparison with 
the size of the wing, the major portion of the total c, 

comes from the wing. : 


The derivative C; is quite important in lateral dynam- 
ics because essentially C;, alone determines the damp- 


ing in roll characteristics of the aircraft. Normally, 
it appears that small negative values of C,; are more 
1) 


desirable than large ones because the airframe will 
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respond better to a given aileron input and will suffer 
fewer flight perturbations due to gust inputs. 


The derivative C,, is not usually considered a pre- 


liminary design parameter. Its value is more or less 
given by the wing planform geometry which is deter- 
mined by other more important design criteria. The 
value of Ci does directly affect the design of the ailer- 


Ons, however, since Cy in conjunction with C,, estab- 


lishes the airframe's maiinuin available rolling’ veloc- 
ity; this is an important criterion of flying quality. 
x 





Figure IV-30 Rolling Moment Coefficient Change 
Due to Variation in Rudder Deflection 


‘ 


R 


The stability derivative C;, is the change in roliing 


R 
moment coefficient with variation in rudder deflection. 
Because the rudder {s usually located above the x-axis, 
a positive rudder deflection will create a positive rolling 
moment. Ci, is therefore usually positive in sign; 


however, it can be negative, depending on the particular 
airframe configuration and the angle of attack at which 
it is flying. 


The derivative ¢ I is usually of only minor importance 


in the lateral control qualities of conventional aircraft , 
ana it is sometimes neglected in analyses. When dealing 
with airframe-plus-autopilot synthesis of a particular 
configuration, however, it is believed that this deriva- 
tive should be included until further research shows that 
it can be neglected for that case. 
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Figure IV-31 Rolling Moment Coefficient Change 
Due to Variation in Aileron Deflection 
C 
I 
54 


The stability derivative C;, is the change in rolling 


moment coefficient with change in aileron deflection . 
It is commonly referred to as the aileron effectiveness 
(or aileron power). According to the definition used 
in this volume, left aileron down is a positive deflection . 
This produces a rolling moment to the right which is 
positive; C, 4 is therefore positive. 


As far as lateral dynamics are concerned, the derivative 
C; 5, is the most important of the control surface de- 


rivatives. The aileron effectiveness in conjunction 
with the damping in roll ( Ci) establishes the maximum 


available rate of roll of an airframe, which is a very 
important consideration in fighter combat tactics at 
high speed. The aileron effectiveness is also very im- 
portant in low speed flight during take-offs and landings 
where adequate lateral control is necessary to counter- 
act asymmetric gusts tending to roll the aircraft. 


Desirable values of Ct. for a particular fighter air- 


frame configuration can be determined by use of the 
Navy and Air Force specification that the value of the 
wing tip helix angle during a rolling maneuver for full 
aileron deflection should be at least such that Bb = .09. 


SECTION 4 - FACTORS THAT DETERMINE THE BASIC NON-DIMENSIONAL 
STABILITY DERIVATIVES IN GENERAL 


The purpose of this section is to present a general dis- 
cussion of all the various factors that determine or in- 
fluence the basic non-dimensional stability derivatives 
and to point out their relative importance. 


A thorough knowledge of these factors is important to . 


the servomechanist, to the control system designer, and 
to all the others concerned with optimizing the integrated 
airframe-autopilot-controls system. Not only must 
they be aware that changes in these factors produce 
changes in the stability derivatives; but, they must also 
know which factors produce important changes and 
which negligible ones. Such information is especially 
important to the aerodynamicist, for when he is given a 
particular airframe configuration at a particular flight 
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condition, he must carefully consider each factor in 
establishing numerical values for the stability deriva- 
tives. 


The two primary factors which establish the basic non- 
dimensional stability derivatives for any airframe are 
(1) the configuration of the airframe and (2) its flight 
condition; in general, the first is the more important. 


In the lists which follow, each of these primary factors 
is divided into various contributing factors listed in 
order of decreasing importance within each group. 


Airframe Configuration 


(a) Basic airframe geometry: wing and tail 








planforms, tail sizes and moment arms, wing 
dihedral, fuselage size, etc. 

(b) Alterable airframe geometry: wing trailing edge 
and leading edge flaps, speed brakes, landing gear 
extension, etc. 

(c) Alterable airframe weight distribution: center 
of gravity position. 


Flight Condition 


(a) Mach number. 

(e) Angle of attack (lift coefficient). 
({) Dynamic pressure (aeroelasticity). 
(g) Power (thrust). 

(h) Unsteady flow. 


This order of importance within each group is based 


upon data derived from a typical high-performance jet . 


fighter and is presented to give a general idea concern- 
ing the relative importance of the factors involved, but 
it must be remembered that this order may vary slightly 
for different airframes and for different individual stabi- 
lity derivatives. 


So many factors are involved in determining the stability 
derivatives for a particular airframe under all flight 
conditions that it would obviously be a tremendous task 
for the aerodynamicist to consider all these factors in 
detail before arriving at final stability derivative esti- 
mates. Fortunately, when the airframe is in the pre- 
liminary design stage, fairly good estimates of most 
stability derivatives important to dynamic stability and 
control qualities can be made by considering the three 
factors listed in the Airframe Configuration group and 
a fourth, Mach number, from the Flight Condition 
group. Once the values of stability derivatives have 
been obtained by considering these four factors, the 
effects of the rest can be considered merely as addi- 
tions or refinements; consequently, rough estimates 
of their values will usually suffice. 


In the following pages, each of these eight factors is 
discussed in detail. 


(a) EFFECT OF AIRFRAME BASIC GEOMETRY 


Of all the contributing factors that determine the basic 
non-dimensional stability derivatives, the most im- 
portant is the basic airframe geometry. The term 
"basic airframe geometry" as used here refers to the 
geometrical characteristics of the airframe when it is 
in the aerodynamic "'clean"' configuration; that is, with 
flaps, speed brakes, landing gear, etc., all retracted. 


Not only is basic airframe geometry the most important 
factor, but more theoretical and experimental data are 
available on its effects than on the effects of any of the 
others. With the aid of such basic reports as Refer- 
ences 1 to § of Chapter V, most of the low-speed stabil- 
ity derivatives can be evaluated to a fair degree of ac- 
curacy merely from an examination of a three-view 
drawing of an airframe. Some of the major effects of 
the geometry of various airframe components can be 
briefly outlined: 
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The wing planform has a great influence on many de- 
rivatives. The aspect ratio and sweepback of the wing 
are the main elements establishing derivatives related 
to lift, drag, and rolling moment, such as C, , Cp, , 


C,,, andC;_. The wing planform in conjunction with 


the amount of dihedral angle also establishes the value 
of C; . 
is 


The size and geometry of the horizontal tail and its 
moment arm from the center of gravity establish the 
longitudinal pitching moment derivatives C,, and Ca ‘ 


and provide a large contribution to Ce,. Similarly, 


the size and geometry of the vertical tail and its moment 
arm from the center of gravity have a major effect 
on the side force and yawing moment derivatives Cy , ’ 


Cag Cay Cys and Cys 
The size and shape of the fuselage and of the nacelles 
have a great effect onc, 4? and a somewhat smaller 


effect on c The positioning of the wing, the hori- 


ce 
zontal tail, and the vertical tail on the fuselage is quite 
important in determining not only mutual interference 
effects, but downwash and sidewash effects on the tails . 
These interference effects sometimes have a consider- 
able influence on the pitching moment, side force, and 


yawing moment d.: ivatives such as C. ; C. ; Cy , C,, ’ 
Cui and Che: 


(b) EFFECT OF ALTERABLE AIRFRAME GEOMETRY 


The term "alterable airframe geometry" is used here 
to refer to any of the retractable or disposable aero- 
dynamic devices; such as wing leading edge flaps, wing 
trailing edge flaps, speed brakes, landing gear, and 
droppable external stores; which are used for special 
flight conditions and which render the configuration 
different from its usual "clean" configuration. How- 
ever, the term does not apply to conventional control 
surfaces which are considered part of the "clean" con- 
figuration. 


Extension of wing leading edge and trailing edge flaps 
enables the airframe to reach a higher lift coefficient 
and produces a great increase in the drag coefficient, 
but the effects on the other longitudinal stability de- 
rivatives are usually small,. except that ca, and Cy, 


may be affected in some cases of highly swept wing 
configurations. Extension of wing trailing edge flaps, 
however, drastically changes some lateral derivatives , 
especially C,_ andCc, a’ 


Extension of speed brakes increases the drag coeffi- 
cient of the airframe but usually does not appreciably 
affect any of the other stability derivatives. But if the 
speed brakes are of the wing split-flap type, a great 
increase in Ca will result, and if the wing is highly 


swept, there may also be considerable changes in C, , 
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and C;,,. 


Extension of the landing gear usually does not have an 
appreciable effect on any of the stability derivatives al- 
though it does affect the drag coefficient. 


The addition of wing pedestal tanks or tip tanks to an 
airframe can produce appreciable changes in such de- 
rivatives as CL. + Cp, 1 Cio Cisy and C,,, depending 


upon the particular configuration. Unfortunately, data 
of a general nature concerning external store configu- 
rations are rather scarce at the present time; it is 
therefore difficult to estimate the resulting effects on 
all the stability derivatives. 


(c) EFFECT OF ALTERABLE AIRFRAME WEIGHT 
DISTRIBUTION 


AS @ particular airframe is operated throughout its 
flight regime, the burning of fuel, the firing of ammuni- 
tioi., and the dropping of external stores change the 
weight distribution. The most important effect of this 
isthe resulting fore and aft shift in the center of gra- 
vity, which produces a very great change in the air- 
frame's longitudinal static stability derivative c, 
(This situation is explained more thoroughly in the dis- 
cussion of C,, in Section IV-3.) 


In addition, as the position of the center of gravity 
shifts, there is a consequent change in the moment arm 
of the horizontal tail, resulting in changes in the pitch- 
ing moment derivatives C., C,,, and Ca, n° However , 


the per cent change in these derivatives is usually neg- 
ligibly small except for some tailless configuratiuns 
where the effective tail moment arm is rather short. 


Finally, since the airframe is not completely rigid but 
is subject to elastic distortion, weight distribution can 
cause appreciable deformation of the airframe configu- 
ration and so affect certain stability derivatives. For 
example, large nacelles and external stores mounted on 
the wing can change the wing bending and torsional char- 
acteristics enough to affect some of the stability deriva- 
tives, mainly Cae, Cay and Ci, . The magnitude of 


these effects depends on the particular geometry and 
elastic properties of the airframe concerned. 


(d) EFFECT OF MACH NUMBER 


The effect of Mach number on basic stability derivatives 
is, in general, second in importance only to the effect 
of airframe configuration. Every derivative is changed 
to an appreciable extent as the Mach number varies 
throughout the speed range of supersonic aircraft. 


The magnitude of the change in stability derivatives 
as the Mach number is varied from 0 to about 1.4 is 
primarily a function of the airframe's basic geometry . 
A configuration which has a high aspect ratio unswept 
wing and tail, both with thick airfoil sections, will show 
large and abrupt changes (of the order of 50% or more) 
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in its stability derivatives. Conversely, a configuration 
which has a low aspect ratio highly swept wing and tail . 
bot: with very thin airfoil sections, will sivow only small 
and relatively smooth changes in the stability derivatives 
over the same Mach number range. 


The slopes of the lift curve of the wing and of the hori- 
zontal tail are of fundamental importance in the evalua- 
tion of many of the derivatives. A brief examination 
of a particular derivative (C,.) will demonstrate fairly 


typical effects of Mach number on stability derivatives 
in general. 


Figure IV-32 shows the effects of different wing plan- 
forms onC,, vs. Mach number. Aspect ratio and 


sweepback have a pronounced influence on C,, for sub- 


sonic Mach numbers, and an even greater influence in 
the transonic region. But for Mach numbers greater 
than about 1.6, the effect of the wing geometry dimin- 
ishes as shown by the converging trend of the family 
of curves in the diagram. (For high supersonic Mach 
numbers, theory asd that C,_ is given by the single 


expression C,, - ——— = and is independent of wing geom- 


etry.) This seduction in the importance of airframe 
geometry in supersonic Mach number regimes is fairly 
typical for most of the stability derivatives. 


If any one effect of Mach number is more important 
than the rest, it is probably the effect on the longitudinal 
static stability derivative C,_. The wing contribution 


to C,. depends on the distance between the center of 


pressure of the air load and the center of gravity of the 
airframe. For relatively low aspect ratio wings the 
center of pressure gradually moves forward as the 
Mach number increases from 0 to about .8 or .9, pro- 
ducing a positive increment toC, and thus making 


the airframe less stable. As the Mach number is in- 
creased through the transonic region and into the super- 
sonic region, the center of pressure shifts aft, causing 
a large negative increment to Cy. and thus greatly in- 


creasing the static stability of the airframe. 


Another very important effect of Mach number is its 
great influence upon the primary control effectiveness 
derivatives C,, , C, 5? C, bp? and upon the related 


secondary derivatives such as CL, ’ Cos? Cy, and 
E 
C; ta’ For the conventional trailing edge flap type of 


control, an increase in Mach number from 0 to .8 or.9 
usually augments the control effectiveness by an appre- 
ciable amount. As the Mach number is further in- 
creased through the transonic region, however, the 
control effectiveness decreases rapidly, so that at 
supersonic speeds it approaches a value about one half 
that at low subsonic Mach numbers. 


(e) EFFECT OF ANGLE OF ATTACK 


The values of some basic non-dimensional stability de- 
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These curves are based on the following assuaptions: 
Wing section lift curve slope = 3297 
Wing taper ratio= 1.0 
Wing thickness ratio - 0 
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Figure IV -32 Effect of Mach Number and 
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rivatives depend on the angle of attack, or lift coeffi- 
cient, of the airframe, whereas other derivatives are 
relatively unaffected. 


Usually there are only a few longitudinal derivatives that 
are primarily functions of angle of attack: Cy» Cys 
Cuy, and Ca,. Of course the equilibrium lift and drag 


coefficients Cc, and Cp also depend ona. If the wing of 
the airframe is of low aspect ratio or highly swept, the 
curves of Cu. and C, versusa which are usually con- 
sidered to be straight-line relationships in classical 
aerodynamics, are likely to become nonlinear; thus 
causing the longitudinal derivatives C, | andc, , the 


slopes of these curves, to be functions of angle of attack. 


Many of the lateral derivatives change with angle of 
attack: the ones that change the most are Ci, ’ Cy. ’ 


Cy Cops Cis,» and Cny,3 the ones that usually change 
np? Cy, Cay, , and Cho: A 
few of the lateral derivatives, such asCi, and Ci;,, 


only slig tly are Cy, ,C 


remain fairly constant with angle of attack, at least up 
to the stall. 


Although most of the derivatives mentioned above are 
actually functions of a, they are usually evaluated at 
an equilibrium angle of attack corresponding to a given 
equilibrium flight condition and are thereafter assumed 
to remain constant during any angle of attack perturba- 
tion from the equilibrium condition. This assumption 
must be made to maintain the linearity of the equations 
of motion. It is clear that the validity of this assump- 
tion depends; first, on how much the derivatives change 
with a small change ina ; and second, onhow much 
these changes in the derivatives affect the airframe 
dynamics. For instance, the derivative C,, may ex- 


hibit a large nonlinear effect witha, but if only the 
dynamics of the phugoid are of interest, the perturbation 
ina,4a , is small, and thus the effective contribution 


of this derivative to the motion, given by the product 
CL, 4a, is small. Consequently, the nonlinear effects 


of C,, witha can be safely neglected for this case. 


Although such nonlinear effects of angle of attack are 
usually quite small and can be neglected there is one 
derivative, Ca. which requires special attention in 


certain cases. The curve of C, versus a is usually a 
straight line; however, for highly swept wings of mod- 
erate aspect ratio this curve can exhibit some rather 
abrupt nonlinearities. This means that Ca. , the slope 


of this curve, can show a large change in magnitude 
over a relative small range of a. It is clear that in 
equilibrium flight condition in the vicinity of this non- 
linearity, there may be a large error in the calculated 
longitudinal dynamics if the effect of angle of attack on 
c,,, is not taken into account. 


This sort of nonlinearity can be handled on an analog 
computer by using two or more straight lines to approxi- 
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mate the C, versus a curve, or, better still, by a cam 
describing the nonlinear curve exactly. 


(f) EFFECT OF AEROELASTICITY 


Until a few years ago, the only aeroelastic effect on 
the dynamics of aircraft considered important was the 
reduction in maximum attainable rate of roll; that is, 
the reduction in the aileron effectiveness derivative 
Cis, and the roll damping derivative C, >° Since that 


time, because thinner wings have aggravated the struc- 
tural problems, aeroelastic effects on many of the other 
derivatives have become appreciable. Today, aero- 
elastic effects on stabil‘ty and control are so important 
that it is imperative for the aerodynamicist to consider 
them in evaluating stability derivatives. 


Aeroelastic effects on stability derivatives can arise 
from any of the following considerations: 


1. Wing torsion and bending due to: 


a. Airloads in equilibrium flight. 

b. Aileron deflection. 

c. "Dead weight" distribution when the aircraft is 
subjected to a normal acceleration increment, An. 


2. Horizontal tail torsion and bending due to: 


a. Airloads in equilibrium flight. 
b. Elevator deflection. 


3. Vertical tail torsion and bending due to rudder de- 
flection. 
4. Fuselage bending and torsion due to: 


a. Airloads on the horizontal tail. 
b. Airloads on the vertical tail. 


5. Fuselage bending due to "dead weight" distribution 
when the aircraft is subject to a normal acceleration 
increment, An. 


This list is quite general but may or may not be com- 
plete for a particular airframe. Its main purpose is 
to create an awareness in all those concerned with an 
optimum airframe-autopilot-control system of the 
many possible sources of aeroelastic effects on air- 
frame stability derivatives. 


The magnitude of aeroelastic effects for any particular 
airframe configuration at a particular flight condition 
depends upon the following factors: 


- Dynamic pressure. 
Airframe geometry. 
Mach number. s 
Structural rigidity. 
Normal acceleration. 
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A brief discussion of each of these five factors follows. 


1. Dynamic Pressure 





Aeroelastic effects are primarily a function of dynamic 
Pressure, a. By definition, the value of the dynamic 
pressure is: 0°% U* | where » is the density of the 


air and U is the true forward velocity of the aircraft . 
Thermodynamically, g can be expressed as .7)M?, 


where P is the ambient static pressure of the atmos- 
phere. Since p decreases as altitude increases, it is 
clear that dynamic pressure increases as the Mach 
number increases and as the altitude decreases. And 
if it is assumed that the effects of aeroelasticity in- 
crease with dynamic pressure (which is generally the 
case), then it can be concluded that the magnitude of 
aeroelastic effects are largest when the aircraft is 
flying at high speeds and at low altitudes. 


For most stability and control investigations, the change 
in altitude during a maneuver is either zero or small 
enough to be neglected. Therefore, when the forward 
speed changes (i.e., when the Mach number changes) , 
as it does for example during a phugoid oscillation, 
the dynamic pressure changes, and the forces and 
moments due to aeroelastic deflection are altered, 
affecting the values of the stability derivatives Ch. 
u 


Cu, » andc,,. The effect uponc,, is the most im- 


portant one and should be appraised when estimating 
stability derivatives. 


2. Airframe Geometry 


The magnitude and, more y, the sign of aero- 
elastic corrections to the "rigid" stability derivatives 
depend to a large extent upon the airframe geometry , 
especially upon the geometry of the wing. As an ex- 
ample, consider the lift curve slope, CL: In Figure 


IV-33 , the ratio of elastic Cc, to rigid Cc, is plotted 
as a function of dynamic pressure. 


The effect of aeroelastic deflection is to increasec, 


for a sweptforward wing and to decrease it for a swept- 
back wing. For a straight wing, C,, is first increased , 


then decreased asq is increased thru the trangonic 
region. Similar effects can be observed for other 
stability derivatives; consequently it is essential to 
know the specific airframe configuration before any 
aeroelastic effects can be calculated. 


3. Mach Number 


In addition to its primary effect in determining the dy- 
namic pressure, the flight Mach number itself is quite 
important in establishing aeroelastic corrections to 
stability derivatives. Since the distribution of the air 
load on the wing and horizontal tail is altered as the 
Mach number is changed, the resulting aeroelastic 
deflections are also affected and are especially notice- 
able in the transonic region. In Figure IV-32 , for 
example, the odd behavior of the curves in the transonic 
region results from a rearward shift of the center of 
pressure of the air loads on the wing as the Mach num- 
ber increases. 
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Figure IV-33 Effect of Wing Geometry on 
Acroclastic a (Altitude Asstmed Constant ) 


For subsonic flight the line of the centers of pressure 
for a straight wing with average aspect ratio is located 
approximately at .25 MAC, a position normally ahead 
of the elastic axis of the wing. As the Mach number is 
increased through the transonic and into the supersonic 
region, this line of centers of pressure moves aft to 
about .50 MAC, a position normally aft of the elastic 
axis. As aresult, the torsional deflection of the wing 
about its elastic axis will actually change direction as 
the transonic region is traversed. This phenomenon 
is clearly demonstrated by the action of the straight . 
wing curve of Figure IV-33. 


4. Structural Rigidity 


Structural rigidity is of course very important in deter- 
mining the magnitude of the aeroelastic effects on 
stability derivatives. The more rigid the structure, the 
more it can resist the air loads, and the less it is sub- 
ject to aeroelastic deformations. But the amount of 
rigidity possible is limited by considerations of weight 
and aerodynamics. For example, very thin wings are 
considered necessary for supersonic aircraft because 
they make possible a reduction in aerodynamic drag. 
However, a very thin wing inevitably means a wing 
which is weak in resistance to torsion even if it is con- 
structed of solid material. This lack of rigidity results 
in great aeroelastic effects on the derivatives Cc; and 


Cc; In addition, a thin wing will probably bend snanwine 
easily producing a great effect on C, a The most usual 


way of minimizing these effects is to use a wing plan- 
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form of low aspect ratio. 


In addition to the torsional and bending deflections of the 
wing, the structural rigidity of the horizontal tail and of 
the rear portion of the fuselage can produce serious 
aeroelastic problems because the pitching moment con- 
tribution to the airframe from the horizontal tail depends 
not only upon the aeroelastic bending and torsion of the 
horizontal tail itself, but also upon the flexibility of the 
fuselage as a link between the tail and the rest of the 
airframe. The aft fuselage is subjected to a moment 
from the tail as well as to a vertical force. Usually 
the vertical force is the predominant effect, so that 
the fuselage deflects in a direction to relieve the load 
on the tail, thus reducing the horizontal tail effective- 
ness. This effect has serious aerodynamic conse- 
quences because all the pitching moment stability de- 
rivatives, Ca, Cn,, nz, Cu,, and Cay, , depend on the 


horizontal tail effectiveness, and most of them are very 
important to longitudinal stability and control char- 
acteristics. 


5. Normal Acceleration 


Depending on the particular geometry and structural 
rigidity of an airframe, aeroelastic effects can be im- 
portant under flight conditions involving normal ac- 
celeration other than one "g." For instance, consider 
an aircraft with large engine nacelles mounted out- 
board along the wing span and with the center of gravity 
of the nacelles forward of the elastic axis of the wing. 
When this aircraft is subjected to change in normal ac- 
celeration, An , the ''dead weight" of the nacelles pro- 
duces both torsional and bending deflections of the wing . 


Actually, the correct method for introducing these 
aeroelastic effects into the dynamics of the airframe is 
to provide equations of motion to account for the elastic 
degrees of freedom, in addition to the conventional 
equations of motion which are written with respect to 
the center of gravity of the rigid airframe. For the 
aircraft described in the last paragraph, for example, 
two more equations are necessary to account for the 
wing tip rotation and for its deflection relative to the 
center of gravity of the airframe. 


However, if the motions of the airframe are assumed 
to be rather slow in comparison with the natural fre- 
quencies of the elastic portions of the airframe, the 
inertia effects of various concentrated masses relative 
to the entire mass of the airframe can be neglected, and 
only the "steady state'' aerodynamic effects caused by 
structural deformations need be considered. 


Assume that the airframe is subjected to an incremental 
normal acceleration, An , which does not change with 
time-for instance, during a stabilized turn or a con- 
stant speed pull up maneuver. For this bili 

normal acceleration the change in airload on the wing 
caused by the torsional and bending deflections produces 
increments in lift and pitching moment which Ra be 


expressed by the partial derivatives © oh and & <a: It 
n n 
may be concluded that in the particular case of stabi- 
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lized normal acceleration, no additional elastic equa- 
tions of motion are required, and aeroelastic effects 
can be taken into account in the conventional equations 
of motion for a rigid airframe by adding terms of the 
form San and ce 


But instead of ou these new stability derivatives in 
this form in the equations of motion, it is convenient 
to split each of them into components which are, in 
effect, contributions to more common stability deriva- 
tives. That is, ae is transformed into contributions 


to Cy, andC,,, and oa is transformed into contribu- 
tions to Ca; na Cag» These transfers can be made 
because An = 5(3- a) at all times for the rigid airplane 
equations. 


For example, consider the pitching moment equation 
expressed in non-dimensional stability derivatives in- 


cluding the derivative a : 


Cc. « Me Ag + Ke so» ~2e. oe bc + Ce —8 An+... 
ae) Bg) 
Substituting An » meg -a) and prea terms, 


2 
Cy: - Sn Aa + | 2 - = eal | * oe at a 30 


bay am EC) 
which can be written, 


Cyn Cy darcy, arc, a... 


where both C,, and Ce, consist of two parts, the basic 


portion arising from the aerodynamics of the airframe, 
and the other part arising from the elastic deflection 
caused by normal acceleration. 


It may be seen, therefore, that when the aeroelastic 
effects of "dead weight" items are due to steady state 
normal acceleration, they can be taken into accoun 
merely by adding their effective contributions to the 
derivatives Cys CL Cy. and C.. This sort of aero- 


elastic contribution to stability derivatives is not too 
difficult to evaluate, especially if static deflection data 
from stress static loading tests on the prototype air- 
plane are available, giving experimental values for 
oy and La. 

oAn An 


When the derivatives Sh and oe are introduced into 


the equations of motion of the airframe, an he pares 
expression for An is sometimes used: dn « = where 


Aa is the perturbation angle of attack ang C, is the 
equilibrium lift coefficient. This expression for 4n ts 
true only for the steady state portion of constant speed 
pull-up type maneuvers where the pitching velocity @ is 
constant and where the rate of change of angle of attack, 











a, is zero. This expression also neglects the effects 
of such derivatives as CL,» Cu, and Choe If this 
"3 a 


approximate expression for An is used, aeroelastic 
contributions to the stability derivatives C., and Ca, are 


obtained instead of contributions to Ci:, C.,, Caz, and 


Cy,» a8 was demonstrated above. Although this tech- 


nique yields reasonably practical answers, it must be 
realized that the approximations involved lead to greater 
inaccuracy than if the correct expression for An is used. 


By considering the motion of the airframe restricted to 
steady normal accelerations (that is, when An is not a 
function of time) it has been shown that aeroelastic 
effects due to normal acceleration can be included in 
the conventional equations of motion, and that, as a 
result, the complications of introducing additional 
elastic equations of motion have been avoided. The 
question is whether or not this technique can be used 
when the motions of the airplane are not steady, as 
during the response to an elevator pulse or to a sinus-~ 
oidal elevator input. Although no flight test data are 
available to substantiate the conclusion, this technique 
is believed to yield satisfactory results for low fre- 
quencies, say from 0 up to 8 radians per second. 


The main assumptions involved are that the inertia 
characteristics of the various elastic portions of the 
airframe moving relative to the c.g. of the airframe, 
and the higher order aerodynamic derivatives caused 
by the relative motion are both neglected. 


In practice, most jet fighters of today are of sufficient 
rigidity and of such configuration that this sort of aero- 
elastic effect resulting from normal acceleration is of 
secondary importance in dynamic stability and control . 
In other words, the magnitudes of °C, and X, are 


An JAn 
usually small enough that their contributions to c, ., 
Cu,» Caz, andCa, can be ignored. However, at least 


one case is known where these aeroelastic contributions 
cannot be neglected; it is therefore recommended that 
for any given configuration under consideration these 
effects be evaluated. 


In some cases the effects of aeroelasticity cannot be 
considered as simple additions and corrections to the 
usual stability derivatives, and additional equations of 
motion with entirely new stability derivatives are re- 
quired to define the aeroelastic motion. 


For example, consider a straight wing aircraft with a 
very thin airfoil section and with heavy external stores 
mounted on the wing tips. The natural frequency in 
bending (and perhaps in torsion) of this system can be 
low enough to effect the design of a longitudinal auto- 
pilot for this aircraft, and consequently this aeroelastic 
effect must be considered as an additional degree of 
freedom. This example differs from the previous one 
in that the natural frequency of the present elastic 
system is assumed relatively low and close to the fre- 
quency of the longitudinal short period mode. 
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This sort of aeroelastic deformation may affect not only 
the stability but also the flutter characteristics. Flutter 
problems are usually concerned with the coupling of the 
natural modes of the elastic airframe with aerodynamic 
unsteady flow effects, and in general, the frequencies 
involved are too high to cause any effect on aircraft- 
plus-autopilot stability. But there is an intermediate 
frequency range between the high frequencies involved in 
flutter and the relatively low frequencies involved in 
dynamic stability, and in this range there can be elastic 
effects without unsteady flow (such as that described in 
the example in the previous paragraph), or conversely , 
there can be unsteady flow effects without elastic changes. 


As another example of aeroelastic effects due to ac- 
céleration which may require additional equations of 
motion, consider an airplane in which the rear part of 
the fuselage is relatively flexible and the aft fuselage- 
empennage system has a natural frequency close to 
either the longitudinal short period or to the Dutch roll 
natural frequencies. 


In summary, not only are aeroelastic effects important 
in establishing the values of stability derivatives for 
equilibrium flight, but in some cases they can be im- 
portant in transient and steady state oscillatory con- 
siderations of aircraft dynamics in the frequency range 
lower than those of ciassical flutter. 


Techniques for arriving at suitable equations of motion 
for fuselage bending and wing bending are available. * 


Derivatives important to aircraft stability and control 
and most likely to be affected by aeroelasticity are: 
Cy 2Cn, Cy Cys Cy CLs Cis ,Cy ch Cy and 


Cas, 
(g) Effect of Power 


Although very few experimental] data are available con- 
cerning the effects of jet power on stability derivatives , 
it is not too difficult to calculate or estimate the major 
effects theoretically. Such investigations have shown 
that, in general, power effects on the basic stability 
derivatives are rather small (Reference 3); conse- 
quently, most dynamic stability analyses neglect jet 
power effects. It must not be assumed that jet power 
effects can be neglected when considering longitudinal 
equilibrium or trim conditions, for the moment due to a 
thrust line not passing through the center of gravity of 
an airframe may be quite large. 


It is usually necessary to mount the tail surfaces of a 
jet-powered airframe at a safe distance from the jet 
blast because of the very high temperature. AS a re- 
sult, jet power-on stability problems are much simpler 
than those of the propeller-driven airframe as the latter 


*Pai, S.I., and Sears, W.R., ‘Some Aeroelastic Proper- 
ties of Swept Wines,’ Journal of the Acronautical 
Sciences, XVI, No. 2 (Pebruary 1949), 105-115, 119; 
White, R.J., ‘Investigation of Lateral Dynamic Sta- 
bility in the XB-47 Airplane,’ Journal of the Acronau- 
tical Sciences, XVII, No. 3 (March 1950), 133-148. 
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is subject to power effects that can be quite large be- 
cause the tail surfaces are frequently immersed in the 
propeller slip-stream. 


There are three major contributions from the jet power 
plant to the equilibrium (trim) and dynamic stability of 
the airframe: 


1. Direct thrust effects. 

2. Direct normal force effects at the air duct inlet. 
3. Induced downwash at the tail due to the inflow to 
the jet blast. 


(A fourth jet effect, that is sometimes considered , 
may be termed a Coriolis effect, and involves the forces 
and moments on the airframe produced by the inter- 
action between the linear fore and aft internal mass 
flow along the length of the jet engine and an angular 
velocity of the airframe itself. For conventional turbo- 
jet fighters it appears that this effect is small enough to 
be neglected, but for rocket powered missiles it can be- 
come significant. *) 


1. Direct Thrust Effects 


Consider the direct thrust effect on the pitching moment. 
When the thrust vector (T) passes through the center of 
gravity of the airplane, there can be no resultant pitch- 
ing moment acting on the airplane. However, the thrust 
can act along an axis located some distance (arm z, ) 
from the center of gravity Figure IV-34. 


The jet thrust moment M,, is given by: 
M+ s Tz, 
Converting My to a moment coefficient: 


Ts 
Car" Se 





Figure IV-34 Jet Thrust Moment 


This thrust moment coefficient,¢, , must be balanced 


out by an aerodynamic moment coefficient, C, , when 
the airframe is in an equilibrium flight condition, thus 
creating a contribution to the stability derivative para- 
meters m, andM,°*. Hence this direct thrust effect 
influences the longitudinal dynamics of the airframe . 


Another direct thrust effect arises because the thrust 
output of a jet engine at a constant throttle setting 


*Statler, I.C., ‘Dynamic Stability at High Speeds 
from Unsteady Flow Theory,’ Journal of the Aero- 
nautical Sciences, XVII, No. 4 (April 1950), 232- 
242, 255. 
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changes with the forward speed of the engine, creating 
the basic dimensional stability derivative 21 . The value 


of this derivative can be obtained from engine per- 
formance curves of the type shown in Figure IV-35. 


i al 


80% RPM 


Thrust 
in lbs. 





True Airspeed ———> 


Figure IV-35 Typical Effect of Speed on Jet 
Engine Thrust (altitude assumed constant ) 


a is given by the slope of these curves, and it can be 


seen that its magnitude is quite small since the curves 
are relatively flat. This is characteristic of present- 
day jet engines, and consequently, the thrust stability 


Conivative — is usually neglected in dynamic stability 
analyses. 


If jet engines are mounted outboard along the wing span 
of an airframe, a contribution to the lateral stability 
derivative Ca, arises because of the difference in thrust 


resulting from the different effective forward speeds 


of engines mounted on opposite sides. Similarly jet 
engines mounted above or below the center of gravity 
of an airframe contribute to the longitudinal stability 
derivative c, . However, both these contributions are 


functions of the engine characteristics shown in Figure 
IV- 35, and it has already been concluded that these 
characteristics produce negligible effects. For ex- 
ample, calculations were made of the direct thrust effect 
on C, for the Northrop YB-49 Flying Wing Bomber; 


eight jet engines were mounted along the wing at re- 
latively large distances from the center of gravity, and 
even in this rather extreme case, the change in C,. due 


to this jet effect was only of the order of a few percent. * 
2. Direct Normal Force Effects at the Air-Duct Inlet 


If the airframe is flying at some attitude, either in the 
equilibrium condition or during a disturbance, where 
the local flow entering the air duct inlet must be de- 
flected to flow into and along the duct axis (Figure IV- 
36), the resulting momentum change of the air stream 
causes a force normal to the airframe velocity to act at 
the nose or lip of the inlet. The magnitude of this 
normal force is given by 


*Koerner, W.G., Dynamic Lateral Stability - YB-49,’ 
Northrop Aircraft Report A-119, Northrop Aircraft, 
Inc., Hawthorne, Calif., 1949. 








Normal Forcee mU sin 3 


where m isthe air mass flow into the engine and § is 
the angle through which the local flow must be deflected 
to flow into the air duct inlet. 






Airframe 8 
Velocity 






Local Flow Velocity 


Figure IV-36 Normal Force at Air Duct Inlet 


Wind tunnel tests were performed on an isolated nacelle 
to verify the presence of this normal force and to deter- 
mine the point of application along the length of the 
nacelle,* These tests confirmed the magnitude of the 
normal force given by the above equation and showed 
that when the nacelle was mounted on a wing, the normal 
force at the air duct inlet due to the air mass flow was 
about twice as high as for the isolated nacelle. This 
difference was caused by the upwash ahead of the entry , 
due to the wing (see Figure IV-36). Thus, in calculating 
the normal force at the air duct entry, it is important 
to deal with the local flow at that position, and not 
merely with the relative wind vector associated with the 
complete airframe. 


Since the air duct inlet is usually ahead of the center 
‘of gravity, this normal force gives rise to a nose-up 
pitching moment which increases with angle of attack, 
thus creating a positive increment of the derivative 
ci this change tends to be statically destabilizing . 


The small positive increment to C,, due to this effect 
is negligible, 


A similar condition exists in sideslip, where the force 
at the air duct entry increases the magnitude of the 
stability derivative C,, and normally decreases the 


derivative C these changes are in a direction to 


np > 
make the craft statically less stable. Calculations 
on the eight-jet flying wing YB-49 showed that the 
maximum increase in c, ‘ was of the order of 10% when 


considering this flow deflection effect, but the decrease 
in Cy, g Was negligible for this configuration because 


of the short effective moment arm. 


Depending upon the airframe configuration, other sta- 
bility derivatives may be affected by this airduct inlet 
normal force effect. If the jet engines are mounted 
at relatively large distances from the center of gravity 
of the airframe, forces and moments will be developed 
*Squire, H.B., ‘Jet Flow and Its Effects on Air- 


craft,’ Aircraft Engineering (British), XXII, No. 
253 (March 1950), 62-67. 


Chapter IV 
Section 4 


at the air duct entries when the airframe is undergoing 
pitching, rolling, and yawing velocities, leading to 
contributions to such derivatives as Cy 6 Chis and C, a 


For most cases, however, these contributions are 
negligibly small. 


3. Induced Downwash at the Tai] Due to Jet Inflow 


The third contribution of the jet engine unit to the air- 
frame stability is the effect of the jet-induced downwash 
at the horizontal tail. This is caused by the high- 
velocity jet exit stream sucking in the slower-moving 
air in the vicinity of the jet. 


In practice, this effect need be considered only for those 
configurations where the jet blast passes under or over 
the horizontal tail surface. On airframe configurations 
where the jet exit is located in the extreme rear of the 
fuselage and the tail surfaces are ahead of the jet exit, 
this flow effect may be neglected. 


The resulting change in downwash varies with angle of 
attack of the airframe and with the jet velocity. 


As far as affecting any of the stability derivatives used 
in dynamics is concerned, the jet-induced downwash 
modifies primarily the static stability derivative C, | 


since the jet deflection is a function of angle of attack. 
However, as stated, this is found to be small. No doubt 
there would also be contributions to derivatives such 
as C,. and Cay? but no pertinent information seems 


available at present. 


When an airframe is sideslipping there is an asymmetric 
inflow into the blast of the jet or jets which induces a 
sidewash at the vertical tail. For instance, for an 
aircraft configuration similar to the Gloster Meteor , 
where the jet engines are mounted outboard along the 
wing, the lateral derivative C, 8 is reduced because of 


this jet-induced sidewash effect; however, no infor- 
mation on the magnitude of the reduction is available . 


(h) EFFECT OF UNSTEADY FLOW 


Although the effect of unsteady flow on stability de- 
rivatives has been taken into consideration for many 
years in aerodynamic flutter, only recently has this 
effect become important in stability and control con- 
siderations, mainly as a result of the higher operating 
speeds of today's aircraft. 


Most unsteady flow effects arise from the fact that the 
final steady lift caused by an abrupt change in angle of 
attack of a lifting surface does not occur instantaneously . 
This is illustrated in Figure IV-37, for a two-dimen- 
sional wing. The time to reach 90% of the final lift 
value, At , varies roughly between .01 and .2 ofa 
second, depending on the geometry of the wing and the 
speed at which it is flying. 


For an oscillating wing, where the angle of attack is 
varying sinusoidally, the lift will follow sinusoidally but 
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Figure IV-37 Lift Build-up Due to an Abrupt 
Change in Angle of Attack 


its magnitude will be smaller than that of the non- 
oscillating wing; in addition there will be a phase dif- 
ference between lift and angle of attack. This unsteady 
flow effect is a function of the frequency of the oscilla- 
tion and also of the Mach number at the oscillation 
is occurring. 


Before examining this, however, it is necessary to 
understand how unsteady flow effects are introduced into 
the equations of motion. In accordance with the practice 
adopted in this chapter of writing aerodynamic forces 
and moments in terms of conventional stability deriva- 
tives, the latter must be considered as functions of fre- 
quency because of unsteady flow effects. For example, 


C, (a) *C,. a+Cy. a+ Cy. arc, a+. q 


ce be +Cyy $e 


where the derivatives C,. ,C.;, Cry, etc. are various 


functions of frequency. 

To represent frequency-dependent stability derivatives 
mathematically for use in the equations of motion, it is 
convenient to express them as complex numbers. For 
instance, 


CL. (a) “RC. (a) ¢iIC,. (a) 


Imaginary Axis 







Vector Representing Cua 


0 SRT 
-05\ Real Axis 


ak A 
Qu R 
5 





= 0 
6 


(a) Mach Number = 


where R and! indicate the magnitude of the real and 
imaginary components respectively, of the complex 
number Cy (a) » When the frequency of the oscillation 


iszero, the imaginary part,IC, («),is zero and 
Cy, («) «RC, («) indicating that the derivative C, is 


acting exactly in phase witha. This is the usual con- 
cept of a stability derivative when unsteady flow effects 
are neglected. 


As an illustration of the effects of frequency and Mach 
number on stability derivatives as far as unsteady 
flow effects are concerned, consider Figure IV-38. 


By referring to Figure IV-38b , it may be seen that 
when the reduced frequency,ac/2u,has the value 0.10, 


the magnitude of c,, 1s reduced to about 90% of the 


steady flow valueGc/2u- 9 ,and C,_ has a phase lag of 


about 16° compared to a. Notice also that a component of 
Ci, along the imaginary axis can be considered a con- 


tribution to the derivative C,,; a contribution which in 


this case enters the oscillating system as an undamping 
effect, since it represents a force 180° out of phase with 
the angular velocity of the system. Moreover, even 
though the magnitude of this imaginary component may 
be small compared with the original vector of C, , it 
can contribute a large percentage change to C,. - A 


comparison of plot (a) with plot (b) shows that an in- 
crease in the Mach number from .5 to .8 accentuates the 
effect of reduced frequency. 


In general, all the aerodynamic derivatives of an air- 
frame behave in a similar manner. It is clear therefore 
that the effect of unsteady flow on conventional stability 
is to change them from real numbers to complex num- 
bers, the real and imaginary parts of which are func- 
tions of the frequency of the oscillation and the Mach 
number at which the oscillation is occurring. 


The question is this: at what values of frequency and 
Mach number do unsteady flow effects become so im- 


Imaginary Axis 








Vector Representing CL 


i: 
-05\ Real Axis 


(b) Mach Number =.8 


Figure IV-38 Effect of Reduced Frequency and Mach Nunber 
on CL of a Wing(Reference 7 ) 
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portant that they must be considered in evaluating stabil- 
ity derivatives? Theoretical calculations on the longi- 
tudinal short period mode of a typical jet fighter airplane 
(F-80) indicate that the contributions of unsteady flow 
and the inclusion of higher order derivatives in the 
equations of motion are not important for subsonic 
spceds in the frequency range of 0 to 8 radians per 
second. * Flight test data on this airplane have sub- 
Sequently verified this conclusion. 


Other theoretical calculations on the longitudinal short 
period mode agree with these results for conventional 
aircraft with horizontal tails; however, for tailless air- 
craft or aircraft with short tail arms unsteady flow may 
be quite important. Pinsker shows that the deterioration 
in pitch damping of tailless aircraft is particularly 
severe when c.g. positions are forward. ** 


Pinsker also shows that a rapid deterioration of direc- 
tional damping due to unsteady flow occurs at Mach 
numbers beyond 0.6 for conventional aircraft. Although 
his presentation of flight test data on the British Meteor 
seems to substantiate this conclusion, flight test data 
on various other jet fighters and transonic research air- 
craft do not indicate so detrimental an effect. 


*Statler, I.C., .°Dynamic Stability at Hit) Speeds 
from Unsteady Flow Theory,’ Journal of the Aero- 
nautical Sciences, XVII, No. 4 (April 1950), 232- 
242, 255. 


** Pinsker, W.J.G., ‘A Note on the Dynamic Stability 
of Aircraft at High Subsonic Speeds when Consid- 
ering Unsteady Flow,’ Royal Aircraft Establishment, 
Report No, Aero. 2378, Farnborough, Hants, May 1950. 
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In spite of the great progress in unsteady flow research, 
it appears that no definite conclusions can be drawn 
at present concerning the conditions under which un- 
steady flow should or should not be considered in evalu- 
ating stability derivatives. The following digest of 
findings by Milliken (Reference 2) and others, summa- 
rizes the present status. 


For conventional aircraft configurations (i.e., those 
not too heavily swept), unsteady flow effects in the re- 
duced frequency range 0< oT <%,10 are unimportant in 


the entire subsonic range for the longitudinal case. This 
conclusion essentially applies in the supersonic range 
except that the downwash lag derivative C,. and possibly 


the horizontal tail lift curve slope must be considered 
in complex form. In the transonic range (2. 85<M <x1, 2) 
some theoretical considerations suggest great effects, 
but no supporting practical evidence is available. For 
aircraft configurations without horizontal tails or with 
short tail arms, unsteady flow effects are probably muc 

more important. 


Although little research in unsteady flow has been done 
for directional oscillations, it is conjectured that the 
same general conclusions as were reached in the longi - 
tudinal case are applicable here. 


In evaluating the effect of unsteady flow on stability 
derivatives, there is one final word of caution. Most 
of the available literature is restricted to the special 
case of steady state sinusoidal oscillations. Numerical 
values of stability derivatives obtained from these ref- 
erences are not applicable either to damped sinusoidal 
oscillations or to aircraft responses to arbitrary control 
motions which are not sinusoidal] in shape. 


SECTION - 5. FACTORS THAT DETERMINE THE DIMENSIONAL STABILITY DERIVATIVE PARAMETERS 


Once the aerodynamicist has evaluated the basic non- 
dimensional stability derivatives for a particular air- 
frame configuration, these derivatives must be con- 
verted to the dimensional parameter form to be used 
in the dimensional equations of motion. 


Reference to the conversion tables (IV-3 and IV-4 in the 
Appendix to this Chapter) will show that the multiply- 
ing factors used to convert the basic non-dimensional 
derivatives to the dimensional parameter form consist 
of various combinations of the following variables: 


1. c,b,& (airframe geometry} 


2. m,1,,1,,1, (airframe mass and mass dis- 
tribution} 


8. »,U(flight condition} 


For example: 


It can be concluded that, in general, dimensional stabil- 
ity derivative parameters are direct functions of air- 


frame geometry, of mass and mass distribution, and 
of flight conditions, in addition to being functions of the 


basic non-dimensional stability derivatives which are 
in turn implicit functions of airframe geometry, mass 
distribution, and flight condition. 


In Section IV-4 it was shown that, in determining the 
values of the basic non-dimensional derivatives, the 
airframe configuration is usually the primary factor, 
with flight conditions and especially the Mach number 
being of secondary importance and merely modifying 
the primary value established by the airframe configu- 
ration. In determining the dimensional stability deriva- 
tive parameters, however, notice that the values depend 
directly on the flight conditions » and U. This is im- 
portant, because the effect of flight conditions is so 
great that, in general, the values of the dimensional 
stability derivative parameters can be said to be func- 
tions of both the airframe configuration and its flight 
condition, since these effects are of equal importance 
as far as the above parameters are concerned. 


In numerous general investigations of aircraft stability 
and control of the past, the variables in the multiplying 
factors listed at the beginning of this section were 
grouped into such forms as: 


T= eT Aerodynamic time (airsec) 
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lias “no Longitudinal relative airplane density 
Mp ® or Lateral relative airplane density 


By the use of these parameters,7 ,u,, andu,, it was 
shown how certain stability and control characteristics 
of aircraft could be generalized. However, in most of 
these investigations, the basic non-dimensional deriva- 
tives were tacitly considered independent of all the 


factors discussed in Section 4, such as Mach number 
and dynamic pressure. In other words, they were not 


considered functions of +, u,, and u,. 


Today, because of the increased importance of Mach 
number and aeroelastic effects, the dependence of the 
basic non-dimensional stability derivatives on flight 
conditions can no longer be ignored, and the validity of 
these rather simple generalized studies when applied to 
modern jet aircraft is questionable. Therefore, it is 
felt that the once popular forms 7, u,, and u, have lost 
much of their significance. A consideration of some of 
the simpler combinations of the variables appears to 
be in order in generalized studies. 
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CHAPTER V 
METHODS OF OBTAINING STABILITY DERIVATIVES 


SECTION 1 - INTRODUCTION 


The purposes of this chapter are to present a brief de- 
scription of various methods and techniques in use today 
for the determination of numerical values of stability 
derivatives and to discuss the relative accuracies of 
these methods. The primary reason for the inclusion 
of this material is its value to the designers of the air- 
frame, the control surfaces, the control actuators, and 
the autopilot. These engineers must necessarily be 
concerned with the interpretation of aerodynamic sta- 
bility data and with the evaluation of the accuracy of 
these data if they are to arrive at an integrated system 
design. 


Considerations relating to the accuracy with which aero- 
dynamic data are known are of extreme importance in 
the integration of system design. For example, it is 
quite possible that the estimated stability derivatives 
for a given airframe may be known to be inaccurate, 
perhaps due to insufficient or questionable basic infor- 


mation from which to compute the derivatives; this is 
particularly true, of course, in the transonic region. 
If the designers of the specialized components are all 
alert to this situation, their various apparatus can then 
be designed with sufficient tolerances to take into account 
the potential inaccuracies of the derivatives. 


In general, there are three methods of obtaining stability 
derivatives which can be listed in the following order of 
increasing accuracy: 


1. Estimating from theory and related empirical 
data. 

2. Model testing. 

3. Full-scale flight testing. 


Each of these three methods will be considered in the 
following pages. 


SECTION 2 — ESTIMATING FROM THEORY AND RELATED EMPIRICAL DATA 


In the preliminary design stage of an integrated air- 
frame-autopilot-controls system, the exact configuration 
of the airframe is not known; consequently, stability 
derivatives must be estimated in a rather general man- 
ner to establish their ranges of values. Since it is im- 
practical to perform model tests on all the various con- 
figurations which may arise at this stage of the design, 
the necessary stability derivative data can be obtained 
only from theory and from related empirical data on 
similar airframe configurations. 


In general, the recommended procedure is to assume, 
first of all, a certain airframe configuration or a strictly 
limited range of configurations. Then, by consulting 
a few basic theoretical reports, stability derivatives for 
the low subsonic region can be estimated. References 1 
and 2 are very useful in determining the characteristics 
of the wing alone. References 3 and 4 provide a means 
of estimating the longitudinal derivatives for the com- 
plete airframe, and Reference 5 summarizes rather 
completely the lateral derivatives for the complete air- 
frame. 


The next step isto estimate the effect of Mach number on 
the stability derivatives in the subsonic region (O<M<.9) 


by applying the Prandtl-Glauert rule of compressibility . 
This method consists of modifying the lift curve slopes 


of the wing and the horizontal and vertical tails as func- 


tions of Mach number. References 5 and 6 provide 
methods of procedure and design charts for this modifi- 
cation. 


For the transonic and the low supersonic region 
(. 9<M<1.5) , theoretical methods of determining stability 
and control derivatives for the complete airframe are 
practically non-existent. As a result,’ the designer 
must resort to various empirical data on similar air- 
frame configurations. But because there is no theory 
which can be used as a guide, the trends indicated by 
empirical data are difficult to correlate, and this prob- 
lem is further complicated by the fact that the data ob- 
tained by all the various techniques applicable to tran- 
sonic investigations may be unreliable or inaccurate 
or both. Apparently the best method of estimating sta- 
bility derivative values in the transonic region at present 
is to use correlation plots showing the variation of the 
stability derivatives with Mach number, for various 
types of aircraft. 


For the supersonic region (M>1.5), limited theoretical 
methods are again available for estimating values of 
stability derivatives. In general, the higher the super- 
sonic Mach number, the more reliable the theory. Re- 


ferences 5 and 7 present very good summaries and 
bibliographies of available literature for estimating 
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supersonic derivatives of wing-alone configurations . 
Theoretical research relating to complete airframe 


configurations of wing, body, and tail, and to the asso-_ 


ciated mutual interference effects, has been very limit- 
ed, and the designer must again resort to empirical 
data and to correlation plots. 


After the designer has estimated the Mach number 
effects on the stability derivatives, he should consider 
the important effects of any of the other factors dis- 


cussed in Section 5 of Chapter IV. For example, with 
a sweptback wing of moderate aspect ratio, aeroelastic 
effects on the stability derivatives are quite important 
and must be taken into account. - 


Generalized design procedures for evaluating the effect 
of these factors on stability derivatives are not avail- 
able. Each effect must be investigated in the light of its 
particular application. 


SECTION 3 = MODEL TESTING 


To increase the accuracy of the stability derivative esti- 
mates based upon theory and related empirical data, 
models duplicating the geometry of the contemplated full- 
scale airframe are usually built and tested. In fact, 
model testing has become such an important science 
that it is now considered indispensable to aircraft de- 
velopment. 


In applying the results of model tests to the full-scale 
airplane, there is an important scale relationship which 
must be taken into account in the interpretation of data. 
This scale relationship of geometrically similar objects 
is given by the non-dimensional parameterpv2/,, which 


is called the Reynolds number of the particular scale- 
flow combination. In this parameter, p is the density 
and, the viscosity of the medium (air) through which 
the body moves; V is the forward velocity of the body 
with respect to the medium; and 1 is some character- 
istic length of the body (usually the mean aerodynamic 
chord of the wing) maasured in the direction of the air 
stream. 


When the Reynolds numbers of two flows are equal, the 
flow characteristics are dynamically similar. Assuming 
a model and a full-scale aircraft operating at the same 
speed in the same atmospheric conditions, 6, V, and 
uw are the same, but the Reynolds number of the model- 
flow combination is lower than the Reynolds number of 
the airplane-flow combination in direct proportion to the 
size of the model. 


Full-scale aircraft operate in a Reynolds number range of 
6, 000, 000 to 100, 000,000, whereas model testing is done 
in a Reynolds number range of 500,000 to 10,000,000. 
Stability derivative data based on model tests per- 
formed at Reynolds numbers of 6, 000, 000 or more may 
be considered directly applicable to the full-scale air- 
plane, but if the model tests are performed at Reynolds 
numbers of less than 6, 000, 000, it is likely that the 
stability derivative values will require modification 
before they can be applied to the full-scale airplane. 
One of the difficulties in using model test data is that 
the effects of Reynolds number are in most cases quan- 
titatively unpredictable, and the correct interpretation 
of the data is largely a matter of judgment based on 
experience, ; 


There are two general types of model testing: wind tunnel 
testing and model flight testing. These types are con- 
Sidered in detail in the following pages. 


(a) WIND TUNNEL TEST 
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The present day wind tunnel is generally recognized as 
being almost indispensable in obtaining aerodynamic in- 
formation concerning specific aircraft'design configu- 
rations. Many different kinds of wind tunnels are in use 
throughout the country, each of which has its particular 
advantages for certain types of testing. Most of them 
can be classified as "conventional type tunnels." 


1, Conventional Tunnel 


In general, the conventional wind tunnel consists of a 
tubular channel forming a closed circuit through which 
air is circulated at high velocities. 


During tests in this type of tunnel, the model remains 
stationary, and the various aerodynamic forces and mo- 
ments acting on the model are measured by means of a 
balance system or by strain gages mounted on struts 
to which the model is attached. 


Conventional wind tunnel testing is concerned with deter- 
mining the derivatives which are not rates of change with 
time, the so-called "static" stability derivatives. The 
usual practice is to obtain six basic data; three forces, 
lift, drag, and side forces; and three moments, pitching, 
yawing, and rolling moments. 


In the longitudinal case, the coefficients C,, and c, 
are functions of angle of attack «a; therefore, static 
derivatives C, , C, , and Cc, are obtained from ‘wind 


tunnel data. 


In the lateral case, the coefficients C,, C,, and C, are 
a function of sideslip angle 8; therefore, the derivatives 


C, , C, and C,_ are obtained from wind tunnel data. 
1’ sp a 


Also obtainable from these tests are the control effec- 
tivenesses and the related derivatives such as: CL, 
£ 


and C.. for the elevator; Cy : Ca, : andC, | for the 
g R 
rudder; and Cy.» Ca, and C,, for the aileron. More- 
A A A 
over, the control surface hinge moment parameters can 
be obtained, such as: 


fo a Sang! oo med ® 
05,’ da’ 08° 08° 88, '° da 


Finally, the majority of testing programs involving 


airframe configurations in conventional wind tunnels 
include the determination of the characteristics of alter- 
able airframe geometry; such as flaps, slats, speed 
brakes, landing gear, and so forth. In addition, the 
effects of power and free controls are sometimes ob- 
tained. 


'W ind tunnel data are not always as accurate as might be 
desired and the results must be interpreted by experi- 
enced personnel. For some stability derivatives, such 
as CL. , the experimental results provide satisfactorily 


accurate values; in cases suchasCy,C, ,C,, , C1, , 
a) 


‘the ind tunnel data fray not be directly applicable to the 


full-scale airframe because of Reynolds number and 
aeroelastic effects. 


Some of the sources of error in conventional wind tunnel 
testing are: 


a. Scale effects due to the low Reynolds number of 

the test. 

S Choking phenomena at high subsonic Mach num- 
rs. 

c. Inaccurate corrections to the data, such as tare 

and alignment corrections and wall corrections. 

d. Incorrect duplication of power effects. 

e. Inaccurate representation of drag by omission 

of some protuberances. 

f. Use of solid wood models having lower percentage 

st peo deflections under load than does the air- 

plane. 

g. Mechanical and (natramnentation discrepancies 

involved in the measurement of forces and moments. 

h. Human errors that are likely to occur in the 

testing and data reduction. 


An understanding of the sources, the importance, and 
the correction of errors is essential for interpreting 
the results of wind tunnel tests. Reynolds number effects 
appear to be prominent among these sources of error. 
For example, at low Reynolds numbers, there isa 
tendency for boundary layer separation to occur ata 
lower angle of attack on the model than on the full-scale 
airplane, thereby causing earlier changes in such de- 
rivatives as C, ,C,_, and C; y as functions of equilibri- 


um angle of attack. 


~ 


In spite of such limitations, wind tunnel testing is a 
powerful tool in the hands of the designer if he exercises 
great care in test procedures and in data interpretation. 


2. Rolling Flow Tunnel 


The basic purpose of the rolling flow tunnel is to dupli- 
cate, as accurately as possible, the flow pattern con- 
ditions which exist around the airframe when it executes 
a pure rolling motion in actual flight. The rolling flow 
technique can give experimental values for the three 
stability derivatives due to rolling velocity, p ; they 
are: the side force coefficient duc to roll, Cy ; the 


yawing moment coefficient due to roll, C, ; and the roll 
D 
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damping derivative, C; 
D 


There are two different testing techniques used to simu- 
late the rolling motion of the airplane. The first of these 
has been developed at Langley Field where NACA has 
constructed a stability tunnel having a balance system 
which can be rotated. The model to be tested is mounted 
upon a support which is free to rotate, and a small aux- 
jliary controllable-pitch airfoil, which is attached to an 
arm on the model, creates the force needed to rotate 
the model. This technique is called the "rolling-wing"' 
method. 


In the second technique, also developed by NACA, the 
model is held stationary and the airstream in which the 
model is immersed is rotated by means of a rotor equip- 
ped with a series of curved vanes. This technique iscall- 
ed the "rolling-flow'’ method. 


One advantage of the rolling-flow technique over the 
rolling-wing technique is that it permits all forces and 
moments to be measured with the model mounted on a 
conventional balance system. But on the other hand, 
this method does not exactly simulate the conditions of 
an airplane in steady roll or of a model in forced rota- 
tion, for there is a buildup of static pressure near the 
tunnel walls due to centrifugal force acting on the rotat- 
ing air, which results in a pressure variation along any 
radius, a condition which does not exist when an airplane 
rotates. However, this pressure variation effect prob- 
ably does not play an important part in most tests. 


Both these techniques appear to be attractive methods 


of obtaining rolling moment derivatives; data obtained 


from tests show them to be in consistent agreement, and 
in addition, such data check closely with calculated 
values of C, .* 

D 


3. Curved Flow Tunnel 


The curved flow technique of measuring stability de- 
rivatives due to yawing velocity, r , and to pitching 
velocity, q , is somewhat similar in principle to the 
rolling-flow technique. The air flow in the wind tunnel 
follows a curved path in the vicinity of the model and has 
a velocity variation normal to the circular arc stream- 
lines in direct proportion to the local radius of curvature 
of the flow. Such a flow is made possible by usinga 
curved test section in combination with a variable-mesh 
screen designed to form a reduced velocity region on the 
inner side of the curved section. 


* MacLachlan, Robert, and Letko, William, ‘Correlation 
of Two Experimental Methods of Determining the Rolling 
Characteristics of Unswept Wings,’ NACA Technical 
Note, TN 1309, Langley Memorial Aeronautical Labora- 
tory, Langley Field, Va., May 1947. 
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The model is fixed to a conventional balance system , 
and the forces and moments acting on the model are 
measured as functions of either yawing velocities or 
pitching velocities depending upon the orientation of the 
model with respect to the curved flow. By this means 
it is possible to determine the stability derivatives Cys 
c_,C,,C, ,andc. " 
r r Qq q 


The curved flow technique does not exactly reproduce 
the conditions of an airplane flying in a curved path, 
since, for the model, there is a static pressure gradient 
created by the centrifugal forces on the air mass in 
rotation, which causes an apparent lateral buoyancy. 
Corrections for this effect can be calculated and applied . 
This static pressure gradient also produces a tendency 
for boundary layer air on the model to flow toward the 
center of rotation, a tendency opposite to that in actual 
flight. This effect cannot be evaluated accurately at 
present, but it is known to be of secondary importance . 


Turbulence is also a secondary complication not readily 
amenable to mathematical analysis. 


Reasonably good agreement has been reported among 
the curved-flow technique, the free oscillation technique , 
and the calculated results.* In general, data obtained 
from the curved flow tunnel tests indicate satisfactory 
measurement of the rotary characteristics caused by 
yawing or pitching velocity, and the accuracy attained 
is considered superior to that of such other techniques; 
as the various oscillation and whirling arm methods. 


4. Oscillation Tests 


Another method of ‘attacking the problem of evaluating 
the rotary damping derivatives is the model oscillation 
technique. This method requires either (a) free oscilla- 
tion or (b) forced oscillation of the model. In either 
case, the model is mounted in a conventional wind tunnel 
on a single strut and is free to rotate essentially as a 
one-degree-of-freedom system in either pitch or yaw. 


In the free oscillation method, a torsion spring provides 
restoring moment, so that a damped oscillation results 
from merely displacing and releasing the model. An 
oscillograph or high-speed motion picture camera re- 
cords the resulting motion. The total damping is then 
evaluated from the decay of the amplitude of the oscil- 
lation. 


The forced oscillation method is somewhat more com- 
plex, for it requires a mechanism designed to maintain 
a steady oscillation by applying a sinusoidally varying 
yawing or pitching moment. Oscillograph or photo- 
graph records are analyzed for angle of pitch or side- 
slip, angular acceleration, and applied moment. From 
these data, the moments acting on the model at zero 
acceleration can be determined, and from these mo- 
ments, in turn, the damping derivatives can be obtained. 
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Data derived by the forced oscillation procedure are not 
expected to be as accurate as those obtained by the free 
oscillation technique because of the difficulty in ob- 
taining records free from random disturbances. On the 
other hand, forced oscillation enables one to determine 
results in the high lift coefficient range where difficulty 
is experienced with free oscillation. 


It should be pointed out that either of these oscillation 
techniques gives the total damping of the system which 
in the longitudinal case (pitching) is (c, +c, ,) and in the 


lateral case (yawing) is (c, - C,,)- Thus, the individual 
values of the damping derivatives C,. »C.,,C, , and 
@ r 


C, , cannot be determined from oscillation tests alone, 
since the total damping obtained is composed of the gum 
of the respective pairs. 


If the values of C, and Cc, are determined for a parti- 


q 
cular model by means of the curved flow technique, it 
is theoretically possible to determine the derivatives 
Cay and c,, by performing oscillation tests on the same 


model. 


In practice, however, the use of this procedure may be 
somewhat limited by the inaccuracy of the data involved 
in the two types of testing. 


Comparisons of free oscillation and curved flow tech- 
niques indicate satisfactory agreement for moderate 
lift; however, at high lift coefficients, differing values 
of C, are obtained by these two methods. ** 


Further comparisons of the results obtained from both 
free and forced oscillation techniques with those from 
curved flow techniques indicate satisfactory agree- 
ment, * 


5. Free-Flight Tunnel 


In the free-flight tunnel technique, the model is not 
attached to any sort of balance system, but is allowed 
to move freely within the test section of the tunnel. The 
model has movable control surfaces, and its motions 


* Bird, John D., Jaquet, Byron M., and Cowan, John W., 
‘Effect of Fuselage and Tail Surfaces on Low-Speed 
Yawing Characteristics of a Swept-Wing Model as Deter- 
mined in Curved-Flow Test Section of Langley Stability 
Tunnel,’ NACA Technical Note, TN 2483, Langley Memorial 
Aeronautical Laboratory, Langley Field, Va., Oc- 
tober 1951. 


**Goodman, Alex, and Feigenbaua, David, ‘Preliminary 
Investigation at Low Speeds of Swept Wings in Yawing 
Flow,’ NACA Research Memorandum, RM L7109, Langley 
Memorial Aeronautical Laboratory, Langley Field, Va., 
February 4, i948. 





can be controlled by a human "pilot" who flies the model 
as he would a full-scale aircraft. 


The free-flight tunnel is not used primarily to obtain 
specific numerical values of stability derivatives, but 
rather to study the general stability and control behavior 
with reference to desirable flying qualities from a pilot's 
viewpoint. However, it is possible to obtain quantitative 
stability derivative data by analyzing motion picture re- 
cords of the response of the model to control inputs. 


The advantage of this free-flight technique is that the 
low speed overall dynamics and handling qualities of a 
particular aircraft configuration can be investigated in 
the preliminary design stage. Various characteristics 
can be determined, such as elevator required to trim, 


Gamping and period of the longitudinal and lateral oscil-. 


latory modes, spiral stability, response to control in- 
puts, and stall behavior. 


Some of the data from free-flight testing have been found 
to conflict with full-scale test data.* The earlier bound- 
ary layer separation on the model due to the lower 
Reynolds number very likely accounts for the largest 
portion of the disagreement. Stall characteristics are 
not too clearly demonstrated by the free-flight model , 
and spiral stability is difficult to measure; but the test 
is useful for comparisons between different flight con- 
ditions and different configurations. Considerable 
scatter in observations is inevitable because steady con- 
aac cannot be obtained before application of the con- 
8. 


These various inconsistencies and quantitative dis- 
agreements with full-scale data are appreciable, but 
it is believed that, with an understanding of their nature 
and magnitude, correct general conclusions can be drawn 
from the model data regarding the stability and control 
of the airplane represented, particularly where an eval- 
ra = td relative merits of different modifications 
s desired. 


6. Whirling Arm 


The whirling arm was one of the earliest experimental 
methods devised for testing models. In this technique, 
the model and its balance system are attached to a long 
arm, and the whole assembly is rotated at high speeds . 
By this means, yawing (or pitching) motion of an airplane 
is flight is simulated, and it is possible to determine 
values of derivatives such as C, ? Cy? C, Che and 
Cy 


Unfortunately, the model operates in the turbulent wake 
created from each previous revolution of the apparatus 
and this imposes a severe limitation on the accuracy and 
consistency of the data obtained. In addition, the balance 


* gshortal, Joseph A., and Osterhout, Clayton J., 
‘Preliminary Stability and Control Tests in the NACA 
Free-Flight Tunnel and Correlation with Full-Scale 
Flight Tests, NACA Technical Note, TN 810, Langley 
Memorial Aeronautical Laboratory, Langley Field, Va., 
June 1941. 
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system is subjected to centrifugal force due to the rota- 
tion, and large corrections must be applied to account 
for this effect. 


For these reasons, the whirling arm technique is no 
longer widely used; it has been replaced by the more 
accurate curved flow tunnel technique. 


7. Transonic Bump Tests 


Wind tunnel testing in the transonic range is extremely 
difficult and unreliable in conventional tunnels because 
of choking phenomena between the model and the tunnel 
walls. ; 


One method of obtaining data in the transonic region is 
to modify existing high subsonic wind tunnel test sections 
with a suitably contoured bump on which small reflection 
plane (half-span) models can be mounted. Even though 
the tunnel is operating at subsonic speeds, the increase 
in flow velocity over the bump creates a localized area 
of transonic and supersonic Mach numbers. Because of 
the small size of the model used, tunnel choking phe- 
nomena are avoided. 


One disadvantage of this method is that the local increase 
in velocity over the bump is not uniform; there is a velo- 
city gradient as a function of distance away from the 
surface of the bump. This means that the model is sub- 
jected to a Mach number gradient in the direction of the 
span. 


Another disadvantage of this method is that the data are 
obtained at low Reynolds numbers because the models of 
necessity must be very small - approximately six inches 
in half-span. | 


The Mach number gradient and the low Reynolds numbers 
of the tests are the inevitable penalties for the avoidance 
of choking, and they sometimes constitute sufficient 
reason for skeptical attitudes toward bump model test 
results. 


From transonic bump tests only static longitudinal sta- 
bility derivative data can be obtained sich as Cy Cp. 


Cp Cy Cu, Cay’ C, » and Cc 


Because half-span models are used, no static directional 
stability derivative data are obtainable. 


8. Supersonic Tunnel 


At the present time, the design trend for supersonic 
tunnels is toward the conventional tunnel arrangement 
through which the air or any special gaseous working 
fluid is circulated continuously in a closed circuit. 
Other arrangements have been or are being used, how- 
ever. In the ''blow down" type tunnel, for example, the 
air is pumped under pressure into a large reservoir 
before the test and is released during the test to atmos- 
pheric pressure through a model test section in which 
supersonic velocities are attained. 


The models are usually sting mounted, and the forces 
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and moments are measured by means of electrical strain 
gages. Both static longitudinal data and directional 
stability data can be obtained. 


Because of the large amounts of power required to drive 
the air at very high velocities in the conventional tunnel 
arrangement, the size of the tunnel must, in practice, 
be kept small, a restriction which in turn places severe 
limitations upon the size of the models to be tested. The 
resulting large difference in Reynolds number between 
the models and the full-scale aircraft makes the inter- 
pretation and application of most supersonic wind tunnel 
data on stability derivatives difficult, 


(b) MODEL FLIGHT TEST 
1. Transonic Wing Flow 
The NACA wing flow method is similar in principle to the 


bump test model method because the manner of inducing | 


supersonic flow is the same; in this case the wing of a 
full-scale airplane serves as the "bump." 


Tt - model, which must be very small, is placed on the 
wing of an airplane in the vicinity of the maximum thick- 
ness; the manner of mounting is similar to that of the 
bump method. A motor-driven device for rotating the 
model and a mechanism for measuring forces and mo- 
ments on the model are incorporated in the wing. When 
the airplane is flown at high subsonic speeds, the model 
is immersed in the increased velocity zone on the upper 
surface of the wing. 


The testing procedure consists of diving the airplane 
from some predetermined high altitude so that the Mach 
numer on the wing varies through the transonic range. 
During the run, recording instruments provide a con- 
tinuous sequence of airplane flight data and model test 
data. 


In addition to providing static longitudinal, and lateral 
stability derivative data, the wing flow method can also 
be used to obtain directional dynamic characteristics in 
a manner similar to that of the model oscillation tech- 
nique described earlier. When the wing flow method is 
used with half-span models as is ordinarily done, only 
static longitudinal data are obtainable. 


The wing flow method is subject to somewhat greater 
limitations than the bump test method. Only one con- 
figuration can be tested during a particular flight because 
the airplane must return to the ground for changes in 
the model configuration. This procedure is costly and 
time-consuming for a systematic investigation of a large 
family of configurations. However, for tests on a par- 
ticular model configuration, the method appears to be 
somewhat more practical. 


Another limitation is the difficulty of maintaining steady 
test conditions on the model. During the dive of the 
airplane, the motion of its controls must be kept to a 
minimum, and atmospheric turbulence must be avoided. 
Sideslip angle and rolling velocity of the airplane can 
significantly affect the flow pattern over the model, and 
in some cases devices for measuring the local flow 
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directionhave been employed to correct for these effects . 
Sharp deviations from steady flight conditions can render 
the data inapplicable. Of course, none of these factors 
enters into the ordinary procedures of wind tunnel test- 


ing. 


Up to the present time, comparisons with results from 
actual test flights show that the wing flow data are fre- 
quently too inaccurate for application to full-scale de- 
sign. Here again, accuracy is lost because of the great 
departure from full-scale Reynolds number, a parameter 
which is necessarily low in most experimental work on 
models. In a fixed Mach number range, the only two 
variables affecting Reynolds number that the designer is 
at liberty to vary are the size of the model and the den- 
sity of the air mass. The model size is limited by the 
physical dimensions of the transonic flow field over the 
wing, and density is determined by the altitude selected 
for the test and by the temperature of the atmosphere . 
The wind tunnel bump test method, on the other hand, 
allows the density to be increased considerably in vari- 
able-density type tumels. Considering all these factors, 
it appears that the bump test method has some advan- 
tages over the wing flow method. 


2. Ballistic Tests 


The techniques involved in the study of projectiles fired 
from guns have been adapted to test missile and airplane 
configurations. The model, constructed of solid metal 
and carrying no power or instrumentation, is launched 
or fired from a special gun, and during its flight, it 
passes a series of photograph stations which provide a 
shadowgraph history of the trajectory. From these 
photographs, the spacial orientation of the model is 
obtained; and from this orientation, the linear and angu- 
lar velocities can be derived. 


This technique has been used successfully in studying the 
rolling characteristics of certain model configurations 
and in obtaining the aileron effectiveness derivative 
Ci, and the roll damping derivative Cy *, 

A 


An advantage of this technique is that the models are 
flown through undisturbed air; the main disadvantage 
is that the models are small, resulting in very low test 
Reynolds number. 


3. Free-Fall Model Tests 


One method which has been used to attain transonic Mach 
numbers in model testing consists of carrying the model 
to high altitudes and then dropping it to earth, thus using 
gravity as the source of power. During its descent, the 
model is tracked by radar and optical tracking equipment 
to determine its general flight path. The model can be 
equipped with radio-operated controls and with instru- 


mentation for determining the response of the model to 


* Balz, Ray E., and Nicolaides, John D., ‘A Method of 
Determining Some Aerodynamic Coefficients from Super- 
sonic Free-Flight Tests of a Rolling Missile,’ Journal 
of the Acronautical Scieices, XVII, No. 10 (October 
1950), 609-621, 














the control inputs. These response data are telemetered 
to ground stations. 


The chief advantage of this method is that large models 
can be made to pass gradually through the transonic 
region under truly free-air conditions; its main dis- 
advantage is that the madel and its costly instrumentation 
are destroyed upon impact with the ground. 


This method has been used mainly to study lift and drag 
characteristics of various wing configurations on mis- 
siles. The application of the free-fall technique to 
determining dynamic characteristics of models has not 
been developed to any great extent, and it appears that 
any developmental work along these lines has been 
superseded by the rocket-powered model technique . 


4. Rocket-Powered Model Tests 


The most promising of the free-flight model techniques 
is that employing rocket-powered models. This tech- 
nique does not differ greatly from the drop-test method 
except that the model carries its own power in the form 
of a rocket. The model is accelerated to supersonic 
speeds by means of a booster rocket, which then sepa- 
rates from the model, permitting the model to coast back 
through the transonic region. In some cases the model 
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itself carries a small additional rocket motor which 
extends the testing run time. 


The model contains instrumentation to pick up its dy- 
namic motions, and these data are telemetered to ground 
stations. Provisions are made either to pulse the con- 
trols of the model or to fire very small rockets aligned 
in a direction perpendicular to the center line of the 
model, thus producing input disturbances. 


The rocket-powered mode) technique shares with the 
free-fall technique the important advantage that large 
models can be tested with correspondingly large test 
Reynolds number. But it also shares the disadvantage 
that the costly model is destrdyed upon impact after the 
test run is completed. 


H the instrumentation and telemetering equipment is 
sufficiently accurate, static and dynamic stability de- 
rivative data can be obtained from these tests in a man- 
ner similar to that for full-scale dynamic flight testing 
techniques described in the next section. 


Aeroelastic effects on stability derivatives can be ob- 
tained by this method if two models constructed of differ- 
ent materials are used; for example, if one is construct- 
ed of steel and the other of aluminum. 


SECTION 4 - FULL-SCALE FLIGHT TESTING 


After the full-scale prototype of a particular airplane 
has been built, the estimates of stability derivatives 
from theory and model testing can be verified and re- 
fined by means of full-scale flight tests. However, such 
a testing program is rarely carried out because the 
time, effort, and special equipment involved make it a 
very costly procedure. Optimum flight test techniques 
and data reduction methods applicable to all aircraft 
have not been worked gut; consequently, a large part of 
a flight test program must necessarily be devoted to the 
development of techniques for testing a particular air- 
plane. In addition, the instrumentation of the airplane 
to be used in determining the frequency response and 
stability derivatives must be of higher quality than that 
required merely to demonstrate satisfactory flying 
qualities. In the past, the need for such a flight test 
program, except for academic purposes, has hardly 
been great enough to justify the expense. 


The main reason why these costs have not been incurred 
is that the specifications which have been set up by the 
military services for piloted aircraft do not explicitly 
require that stability derivatives be obtained from flight 
testing. These specifications are based to a consider- 
able extent upon a large number of opinions expressed 
by pilots concerning desirable or undesirable flying 
qualities of all types of military aircraft. Consequently, 
most of the full-scale flight testing for stability and 
control is carried out for the one purpose of demon- 
strating that the contractor's pencee airplane meets 
these specifications. 


However, these specifications do require that certain 
special flight test techniques be used and that certain 
maneuvers be executed, and from these, the values of 


some derivatives could be obtained. For example, in, 
demonstrating the rolling response of the airplane due 
to aileron deflection, the derivatives C, and Cy could 


be obtained, and in demonstrating the pitch roll ‘damp- 
ing characteristics of the airplane, the frequency of the 
oscillation could be measured to give the value C, 


The important point remains that the military services 
do not require that flight tests be conducted to obtain all 
the stability derivatives or to obtain the frequency re- 
sponse of the airplane to control inputs from which sta- 
bility derivatives could be derived, and consequently this 
sort of flight testing is not usually carried out. 


At the present time, it is believed that flight testing of 
the full-scale airplane for the purpose of obtaining sta- 
bility derivatives and frequency response data is of much 
more than purely academic interest and should be con- 
sidered necessary not only because of the stringent re- 
quirements of the autopilot system and the control feel 
system in attaining desirable flying qualities but because 
today's aircraft are operating in the transonic region 
where aerodynamic stability and control data from 
estimation procedures and model tests are unreliable. 


In general, there are three flight test techniques from 
which stability derivatives can be obtained: (1) steady 
flight technique, (2) transient response technique, and 
(3) sinusoidal oscillation technique. Each of these 
methods is discussed in the following pages. 


(a) STEADY FLIGHT TECHNIQUES 
The steady flight techniques described here consist of 
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steady-straight and steady-turning flight and are to be 
distinguished from the sinusoidal oscillation technique 
which is sanetimes referred to as the steady state oscil- 
lation technique. In general, the steady-straight tech- 
niques determine only static stability derivatives; where- 
as, steady-turning type maneuvers permit several dy- 
namic derivatives, such as Ce, and Cy to be obtained . 


By first stabilizing the airplane in straight and level 
flight at different airspeeds and at different center of 
gravity locations, and then measuring the elevator re- 
quired for trim, it 1s possible to obtain numerical values 
for certain combinations of stability derivatives made 
up of such derivatives asc, , C, , Gor & 1 and Cay . 


In many cases, however, the explicit value of each de- 
rivative cannot be obtained separately unless the values 
of the other derivatives can be assumed or estimated 
from model tests or a different flight test technique . 


If steady pull-up type maneuvers are performed at con- 
stant forward speed the value of C,, can be roughly 


evaluated, if C,, is known, since the additional elevator 
deflection over that required for trim can be measured. 


Steady sideslips yield data both on the static directional 
derivatives c, ; Ch , andc Ly? and on the control deriva- 


tives Cys, ; Cos, ‘ Cas, , and Ci, Here again, however, 


as with the longitudinal case, none of the derivatives can 
be evaluated explicitly unless values of some of the 
others are assumed. This procedure is not as difficult 
as it may at first appear. Flight test values of C., can 
be easily obtained by measuring the period of the Dutch 
roll oscillation; and aileron effectiveness, c, ? can be 


estimated fairly accurately from model tests and rate of 
roll flight tests. If Cay? and c,, are known, the re- 
A 


mainder of the static directional derivatives can be eval- 
uated from the simple steady flight side force, yawing 
moment, and pitching moment equations: 


Cy, mr D ~Ceh 
Cas, Ba tCn, ba =~Ca, f 


Ch, 5p aA 54 “-Cy, fh 
lt, 
Cas oD Ove, 


where lye the effective rudder arm from the cg of the 


airplane, can beestimated from the airplane's geometry. 


If a steady rate of roll can be established for a given 

step function aileron deflection, measurements of the 

steady rolling velocity and of the aileron deflection re- 

quired yield the ratio of the derivative C, toc,, from 
A 


the simple rolation: 
bare 
C. p 

A 


au 
b 


All the maneuvers which are used in these steady flight 
techniques are prescribed as part of the contractor's 
demonstration that his airplane meets military stability 
and control requirements. These data will therefore be 
readily available for all prototype military aircraft. It 
may be seen, however, that these techniques yield little 
information on many of the dynamic derivatives; either 
the sinusoidal oscillation technique or the transient re- 
sponse technique must be used to ohtain such data. 


(b) SINUSOIDAL OSCILLATION TECHNIQUE 


The sinusoidal oscillation technique is the most elaborate 
method of establishing the transfer function of the air- 
plane. Although stability derivatives cannot be obtained 
directly by this method, it is possible to derive values 
of certain combinations of derivatives from plots of the 
transfer function. 


Since this flight test technique consists of measuring the 
sinusoidal response of the airplane to a sinusoidal con- 
trol input, some sort of sine wave generator equipment 
is required to actuate the control surface in the desired 
manner. If the aircraft has an autopilot, it is relatively 
a simple task to feed the output of a sine wave generator 
into the autopilot servo motor. 


The advantage of the sinusoidal oscillation technique in 
establishing transfer functions is that it gives fairly 
accurate results over a wide range of frequencies. It 
is useful in certain frequency ranges where the exact 
form of the transfer function is in question. It can also 
be quite useful in establishing the existence of unsteady 
flow phenomena or in correlating theoretical predictions 
of unsteady flow phenomena, since most unsteady flow 
theory available at the present time is based on steady 
state sinusoidal oscillations. 


The disadvantage of the sinusoidal oscillation technique 
is that it requires much more flight testing time than the 
transient technique because the airplane must be sta- 
biliged at each value of input frequency, and many sta- 
bilized points are required to define the complete trans- 
fer function of the airframe over the frequency range of 
interest. 


To obtain stability derivatives from sinusoidal oscillation 
testing, the response data are plotted on log modulus- 
frequency charts (Bode charts) which are then examined 
for the position of first and second order break points . 
(One is aided here by correlation with theoretically de- 
rived transfer functions.) Since these break points are 
determined by various specific combinations of stability 
derivatives, called "transfer function coefficients," the 
value of each derivative cannot be established separately. 
However, if the values of some of the derivatives can 
be obtained from wind tunnel estimates or from steady 
state flight techniques, the rest can then be determined 
from the transfer function coefficient values. There is 











no precise method known for obtaining stability deriva- 
tives in general from frequency response plots; it is at 
best a trial-and-error procedure, the usefulness of 
which depends upon the familiarity of the analyst with 
the particular frequency response and the particular air- 
frame involved. 


For certain special cases, however, several important 
techniques have been developed. In the longitudinal 
motions of conventional aircraft, for instance, it can be 
shown that for frequencies greater than the natural fre- 
quency of the phugoid the forward speed remains con- 
stant during maneuvers. Consequently, in the range 
of frequencies involved in the longitudinal short period 
motions, the equations of motion are reduced to two de- 
grees of freedom, and the resulting frequency response 
describes a simple second order system. This has led 
to the concept of simple effective spring and damping 
constants,k andb, which contain specific combinations 
of static and dynamic stability derivatives. 


The most obvious way of determining the effective spring 
and damping constants, k andb, is to analyze the free 
oscillation response of the aircraft to any sort of con- 
trol input. The spring constant k and the damping con- 
stant b are determined respectively by the period of 
the oscillation and the rate of decay in amplitude of 
oscillation. This analysis technique, which is known 
as the "transient inspection method," does not, of 
course, imply the use of the forced oscillation flight 
technique under discussion at the moment, but it should 
be regarded as a possible source for obtaining k and b. 


The second analysis technique assumes that forced 
sinusoidal oscillation tests have been conducted and that 
the data have been plotted in the form of log-modulus 
frequency response charts. For the special case of an 
assumed second order system, a complete set of trans- 
parent templates can be constructed which show the 
effect of different values ofk andb onthe frequency 
response of the general second order system. These 
templates are then compared with the frequency response 
data obtained from flight tests, and appropriate values 
of x and » are determined by a trial-and-error match- 
ing process. 


The third method of obtaining k and b utilizes forced 
oscillation flight test data plottea in the form of a "'circle 
diagram." In this method, the vector describing the 
ratio of the maximum amplitude of the output to that of 
the input and the corresponding phase angle are plotted 
as a function of frequency. For an ideal second order 
system, the shape of this plot is a circle, and from 
certain geometric properties of the circle, k and b can 
be determined. (This method is described in detail in 
Reference 8.) Although the circle diagram technique 
has been used with some success in the past, the newer 
methods of analysis have proved to be more convenient . 


(c) TRANSIENT RESPONSE TECHNIQUE 


The transient response technique appears to be the most 
practical flight test method for determining both the sta- 
bility derivatives and the transfer functions of the air- 
frame. In this technique, some measurable input is 
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applied to the airframe, and stability derivatives and 
transfer functions are determined from the resulting 
transient response data. 


The advantages of the transient technique over the sinu- 
soidal flight testing technique are that much less actual 
flight time is required and that stability derivatives can 
be obtained directly from the transient data without per- 
forming a frequency response analysis. Further, the 
frequency response of an airframe can be derived mathe- 
matically from transient flight data by an application of 
Fourier transform methods. 


One of the limitations of the transient technique is that 
the form of the equations of motion of the airframe must 
be known or assumed when stability derivatives are to be 
derived directly from transient data. The problem then 
usually arises as to whether or not higher order de- 
rivatives, unsteady flow effects, and aeroelastic modes 
should be included. It is theoretically possible to include 
all such effects and to determine which of them will 
turn out to be negligible This, however, appears to 
be impracticable because accurate values for derivatives 
making small contributions to the total effect cannot be 
obtained by such a process. 


The airframe input which excites the transient response 
can be imparted by various means; motion of the aero- 
dynamic control surfaces, change in thrust, firing of 
rockets of known impulse to produce yawing and pitching 
moments, and dropping of weights from wing tips to pro- 
duce known rolling moments. 


The input magnitude, duration, and form are important. 
Step inputs are useful when the airframe is able to reach 
a steady state value corresponding to the new trim flight 
Conditions imposed by the input. When the airplane 
response cannot reach a steady state value, but diverges, 
a pulse input is more practical and also has the advan- 
tage that the duration and shape of the pulse can be 
chosen to produce a response whose major contribution 
lies in the frequency range of interest. Arbitrary or 
random inputs can also be used, but analysis of the re- 
sults then becomes more laborious. Simplified response 
approximations, which exist for step and impulse inputs, 
are not available for more complex inputs, and insight 
into the problem may be lost in the complexity of the 
analysis. 


Once transient flight data are available, there are at 
present three general methods of extracting stability 
derivative information from them: 


1. Transient inspection method 
2. Response curve fitting method 
3. Fourier transform method 


1. Transient Inspection Method 


If the aircraft response to a pulse input contains an 
oscillatory component whose frequency and damping are 
such that the time, Tio for the oscillations to damp 


to half-amplitude, and the period, P , of the oscillations 
may both be measured from the response records, the 
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equivalent spring constant, k , and damping, b , cor- 
responding to this particular mode, can be determined 
from the following equations (see Reference 10): 


k 0.48 38.48 
Oo eteccmees ees 

(Ty)? P? 
b » 1.386 


“he numerical values of k and b thus obtained from 
ight test data may then be used in conjunction with the 
proximate equations describing the airframe's char- 
cteristic modes (see Chapter II) to obtain values of 

certain combinations of static and dynamic stability 

derivatives. 


Because of the restrictive assumptions and approxi- 
mations that may have to be made to get stability de- 
rivatives by this method, the results can be relied upon 
only to the extent that these assumptions and approxi- 
mations have been established as applicable to a given 


' Case. 


The chief advantage of the transient inspection method 
is that it permits the order of magnitude of certain 
stability derivatives, such a8 Cy,, Ca,s(Ca, ~Cn3) , and 


(Cag *Cnz), to be established quickly and easily without 
resorting to complex analytic procedures. 


2. Response Curve-Fitting Methods 


The response curve-fitting methods consist basically of 
matching transient responses by assuming the form of 
the equations of motion of the system to be known; the 
unknown coefficients of the various terms in the equa- 
tions are then evaluated to match the transient data as 
well as possible, 


One of the simplest forms of this method is to set up 
the equations of motion on an analog computer and, by 
a trial~and-error procedure, to determine values of the 
coefficients (stability derivatives) which best match 
the transient response. The success of this technique 
depends upon how accurately the values of stability de- 
rivatives are known prior to the flight testing, and to a 
certain extent, upon the experience of the person per- 
forming the analysis. 


The analog computer technique of matching flight test 
transients is also useful in refining stability derivative 
values which have been obtained by any of the other 
flight test reduction techniques. 


Various mathematical techniques have been devised to 
get stability derivatives directly from transient flight 
data. At present, it appears that the most useful of 
these methods are Greenberg's " derivative method," 
Prony‘s method, and Shinbrot's iteration method. (These 
methods are discussed in detail in References 9 and 10.) 


In the ''derivative method" (Reference 9) a sufficient 


number of values of the independent and dependent vari- 
ables (suchass,6,6,a, 4, etc., for the longitudinal 
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case) are measured during the flight test transient so 
that when they are inserted in the assumed equations of 
motion, a set of cquations will result which may then be 
solved simultaneously for all the stability derivatives . 


Prony's method (Reference 10) consists of fitting a sum 
of exponentials to the response at a number of equally 
spaced time ordinates; this method can be used to obtain 
the transfer function coefficients (which are combinations 
of stability derivatives) from a step or impulse input. 


Shinbrot's iteration method (Reference 10) uses the re- 
sults of the derivative method or Prony's method as a 
first approximation; a more accurate set of values is 
then obtained by expansion in a Taylor's series and an 
iterative procedure for obtaining better approximations . 


Successive approximations are poasible, of course, with 
any of the methods mentioned, but this refinement may 
not be justified at the present time. 


Nearly all these mathematical techniques utilize some 
form of least squares fit of the theoretical motion to the 
flight test data. The statistical principle of least squares 
states that the most probable value of an unknown para- 
meter is one which will cause the sum of the squares of 
the errors (the difference between the measured and 
calculated values) to be a minimum, As pointed out in 
Reference 7, the least squares method can only be view- 
ed as a mathematical means of "fairing" the experi- 
mental data. Since it nearly always introduces addi- 
tional complications, the justification of its use in pre- 
ference to simple visual fairing methods is not apparent 
for some cases. 


In general, it appears that more work is required on 
the practicability of the various mathematical tech- 
niques and on the related problem of statistical fairing 
of redundant flight data before an optimum curve-fitting 
technique can be developed. 


3. Fourier Transform Method 


In the Fourier transform method, the transient response 
flight data are converted mathematically to frequency 
response form by application of the Fourier integral 
(Reference 9). These frequency response data can 
then be analyzed for values of the transfer function 
coefficients by any of the methods discussed in the sec- 
tion devoted to the sinusoidal oscillation technique. 


One of the advantages of this method is that the fre- 


' quency response obtained as an intermediate step in 


the computation of transfer function coefficients by this 
procedure is often itself of interest in problems of auto- 
matic stabilization. Another advantage is that the form 
of the equations of motion of the system need not be 
assumed as it does for the curve-fitting methods. 


However, the Fourier transform method has the dis- 
advantage that stability derivatives cannot be derived 
singly, for they occur in combinations as transfer func- 
tion coefficients. A further limitation is that the size 
and shape of the input used in the flight test have a con- 
siderable influence on the accuracy with which the fre- 











quency response can be derived, and also upon the range 
of frequencies for which that response is valid. For a 
pulse input, for example, it appears that the frequency 
response derived from the transient data will be appli- 
cable only to a limited range of frequencies on either 
side of the fundamental frequency of the pulse. 
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In Reference 11, the Fourier transform method is used 
successfully in obtaining transfer functions of a par- 
ticular aircraft; however, no attempt is made to obtain 
transfer function coefficients or stability derivatives 
from the transfer function data. 


SUMMARY 


In the preliminary design stage of an airframe, the most 
expedient method of obtaining stability derivatives is 
by estimating from theory and making use of empirical 
data from similar airframe configurations. 


In the subsonic region (0<M<.9), stability derivatives 
can be estimated fairly well from theory by using the 
geometry of the airframe and applying the Prandtl- 
Glauert rule to account for compressibility. 


In the high supersonic region (1.5 <M<10, fairly good 
estimates of some of the stability derivatives can be 
made from theory. In general, the higher the supersonic 
Mach number, the more accurate the theory. Theoreti- 
cal supersonic values are not available, however, for all 
the derivatives, especially for the various possible com- 
binations of wing, body, and tail configurations. 


In the transonic and low supersonic region (.9 <M <1.5) 
theoretical methods are practically non-existent for 
determining stability and control derivatives of complete 
airframe configurations. Therefore, in estimating sta- 
bility derivatives in this Mach number regime, empirical 
data on similar airframe configurations must be used; 
but the amount of such data is discouragingly small. In 
the transonic region the method of omphaloskepsis has 
been used successfully in estimating stability deriva- 
tives. 


Aeroelastic effects on the more important stability and 
control derivatives can be calculated by theoretical 
means, 


Generally, then, methods for obtaining stability deriva- 
tives by theory and by estimating from empirical data 
on similar airframes is fairly good in the subsonic re- 
gion, but poor in the transonic and supersonic region. 


When the design of the airframe has been determined 
to a certain extent, various wind tunnel tests, such as 
those described in Section 3 of this chapter, can be 
performed. Low speed conventional wind tunnel tests 
on a large model can be used to refine the theoretical 
estimates and to obtain the stability derivatives for the 
landing configuration. High subsonic wind tunnel tests 
can be used to refine the estimates on compressibility 
effects. Aeroelastic models can be used to verify the 
theoretically calculated aeroelastic trends. Because of 
the limited accuracy of theoretical estimates in the 
transonic and supersonic regions, it is almost im- 
perative that transonic and supersonic tests be per- 
formed on the particular configuration either in the wind 
tunnel or by the rocket-firing technique. 


If such a thorough model testing program is conducted , 
the accuracy of the original estimates of stability and 


control data should be increased so that it is entirely 
adequate for the subsonic region and fairly good for the 
transonic and supersonic regions. 


At this stage of the airframe design, a full-scale pro- 
totype will probably be ready. If past procedures are 
followed, it is unlikely that more work will be performed 
to obtain improved values of stability derivatives unless 
the airplane exhibits particularly bad flying qualities . 
However, because of the stringent requirements imposed 
upon the autopilot system and control feel system in 
attaining desirable flying qualities, it is believed that the 
refinement of aerodynamic derivatives should not stop 
at this point, but rather that a certain portion of the 
prototype flight testing should be devoted to this end. 


In general, the accuracy of the values of derivatives 
obtained from flight testing is considered better than 
that from any other method. The degree of accuracy 
obtained depends upon the flight test technique, the 
quality of the instrumentation, the data analysis tech- 
nique, and, since some sort of averaging process must 
be applied, the total number of samples taken. 


Many of the static stability derivatives can be obtained by 
means of steady flight testing techniques, provided that 
values of some of the derivatives can be adequately 
estimated from theory or wind tunnel test results. All 
the stability derivatives can be obtained with varying 
degrees of accuracy by matching the airplane's response 
to pulse control inputs by a least square curve fitting 
method, if the form of the equations of motion is known , 
or assumed. , 


Certain combinations of stability derivatives (transfer 
function coefficients) can be obtained from log frequency 
response (Bode) plots of the airframe by the trial-and- 
error curve fitting technique or by the circle diagram 
method. These log frequency response plots can be 
obtained directly by sinusoidal oscillation flight testing 
or indirectly by analyzing airplane transient responses 
to pulse inputs by application of the Fourier integral. 


Because of the large amount of information obtained 
from a relatively small amount of flight time, the method 
of obtaining the transient response to a pulse input 
appears to offer the most advantages as far as the flight 
testing technique is concerned. In obtaining stability de- 
rivatives from these transient data, it is not known 
whether the direct method of least squares curve fitting 
to the transient, or the indirect method of first convert- 
ing to frequency response plots and then to stability de- 
rivatives is the better. 
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Figure A-1 Variation of Cp with Mach Number for Several 
High Speed Jet Aircraft 


st fF | It is to be noted that an abrupt and very large increase in C, occurs 4 

‘in the transonio region, and that the delta wing configuration reduces 

this effect. The estimated range of values of Cp for present and near- 

future jet fighter type aircraft is from 0.01 to 0.50. 
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It may be seen that C 






D, is approximately zero up to the critical Mach 


number region at which point it rises abruptly to large positive values, 
but that the abruptness of the rise and the magnitude. which Cy. attains 


are much less for the delta wing configuration. The estimated range of 
values of Cy for present and near-future jet fighter type aircraft is 
a 


from- 0.01 to 0.50. 







cay | a mae SEAGRASS 






Se ee Bas. 


Ficure A-¢2 Variation of Cy, with Mach Numbec for Several 
High Specd Jet Aicccaft 


The values fcr all three airframe configurations show large variations 
with Mach number in the transonic region. The level of values in the low 


subsonic region is primarily a function of the equilibrium lift coef- 


ficient. The estimated range of values of Cy for present and near- 
@ 
future jet fighter type aircraft is from 0,02 to 0.20, 
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Figure A-3 Variation of Cp with Mach Nunber for Several 
High Speed Jet Aircraft 
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The two curves shown for each type of aircraft indicate the probable 
ranges of equilibrium C,. The estimated range of values of equilibriua 


lift coefficient for present and near-future jet fighter type aircraft 
is from .01 to 2.0. ; 
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Figure A-4 Variation of Equilibrium Lift Coefficient for Level Flight with 
Mach Number for Several High Speed Jet Aircraft 
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The variation with Mach number is influenced considerably by the air-- 
frame geometry. The estimated range of values of C,. for present and 


near-future jet fighter type aircraft is from -0.1 to 0.3. 
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Figure A-5 Variation of Cy, with Mach Number for Several 
High Speed Jet Aircraft 
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All the aircraft shown exhibit the same general trends with increasing 
Mach number. The estimated range of values of C, for present and near- 
@ 


future jet fighter type aircraft is from 1.0 to 7.0. Bue 
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Figure A-6 Variation of CL, with Mach Number for 
High Speed Jet Aircraft 
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The values for the XF-92 in the transonic region are large. The est imated 
values of C,. for present and near-future jet fighter type aircraft is 
a 


from - 5.0 to + §.0. 
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Figure A-7 Variation of Ch with Mach Number for Several 
High Speed Jet Aircraft 
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The estimated range of values of C, for present and near-future jet 
@ 


fighter type aircraft is from 0 to 8. 
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Figure A-8 Variation of C, with Mach Number For Several 
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Figure A-9 Variation of Cig, with Mach Number for Several 
High Speed Jet Aircraft 
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Figure A-10 Variation of Cy with Mach Number for Several 
Migh Speed Jet Aircraft 
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The estimated range of values of C, for present and near-future jet 
a 






fighter type aircraft is from-3.0 to+.5. 
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Figure A-11 Variation of Cay with Mach Number for Several 
Wigh Speed Jet Aircraft 
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For the XF-92, positive values are attained in the transonic and super- 
- sonic region. Although data concerning the perforwance of the other 

airplanes in the transonic region are scarce, it is probable that some 

of these configurations would exhibit positive values also. The estimated 
gee range of values of Cy for present and near-future jet fighter type Py 
fe for present and near-future jet fighter type aircraft is from~- 10 to +3. 
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Notice the rather small values exhibited by the tailless configuration. 
The estimated range of values of C, for present and near-future jet 


Q 
fighter type aircraft is froa-20 to 0. 
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Figure A-13 Variation of Cy with Mach Nuaber for Several 
Wigh Speed Jet Aircraft 
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For all configurations, the elevator becomes auch less e 
transonic region. The estimated range of values of Cag. 


near-future jet fighter type aircraft is from 0 to+ 1. 
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Figure A-14 Variation of Cag, with Mach Number for Several 
High Speed Jet Aircraft 
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Drake concludes that decreasing Cy, iaproves the overall flight behavior. 


(Drake, H.M., “The Effect of Lateral Area on the Lateral Stability and 
Control Characteristics of an Airplane as Determined by Tests of a Mode) 


in the Langley Free-Flight Tunnel, °° NACA Advance Restricted Report, 
ARR L5L05, Langley Memorial Aeronautical Laboratory, Langley Field, Va., 
February 1946. ) 

There is no apparent correlation between Cy, values and wing planform 


type. The estimated range of values of Cy, for present and near-future 


jet fighter type aircraft is from -.1 to -1.5. ef oy 
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Figure A-15 Variation of Cy with Mach Number for Several 
High Speed Jet Aircraft 
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The estimated range of values of c, for present and near-future jet 
fighter type aircraft is from 0 to 1.2. 
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Figuce A-16 Variation of Cy. with Mach Nunber for Several 
High Speed Jet Aircraft 


peme 


6 


The comparatively large effect of equilibrium lift coefficient or angle 
of attack on the values of this derivative should be noted. The esti- 
mated range of values of C, for present and near-future jet fighter 
type aircraft is from-.3 td+.8. 
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Figure A-17 Variation of Cy, with Mach Number for Several 


High Speed Jet Aircraft 
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Figure A-18 Variation of Cy, with Mach Munber for Several 
High Speed Jet Aircraft 


The estimated range of values of C 
a 
= 
“* 
om 





Lr) 
(Suetpey ut 4g) “45 


8 





Som) 


pt ttt tee ee 
ttt t tet eT tT tet ie tT PE 
EEE 
IES 
SETHE 
tt tt ui a 
ttt} tt Pe A 
tt TTT We 
ptt TH ACN 


ttt ttt MEIN 
(| edt | PSH 


SEE EEE? pt tt ta 
CECCCCC CT tee DO 










for present and near-future jet 


a. 









S 
we. 
Oo 6 
aw - 
o oe 
@a 
o § 
3 & 
so 
es 
nae 
© 
ee 
q 2 
be 
gel 
s 
Se 
a 
s 3 
og 
> te 
eae @®@ 
oo w» 
: 3 
fae 


Mach Number 


x 


Figure 4-19 Variation of Ca, with Bach Number far Several 


High Speed Jet Aircraft 











Although the value of Cc, is rather large for the D-558-II, this air- 
ef ff Plane exhibits poor Dutch roll damping characteristics; this emphasizes ae 
the fact that Dutch roll damping cannot be predicted merely by examining 
eee this derivative alone. The estimated range of values of c, for present of 
and near-future jet fighter type aircraft is from 0 to-1.0. 
-ETTTTTT TTT TT yy 
HERE EREEE EE ECELE 
tpt EET Ty ET EE TE 
~ 
EEE ETT | pS Ro 
tte rE Eee ET Ett ty ty 
tte EERE es 
“CLEVE EEE 
[ttt trey tee ety ey 
TT AR a 
f/| | | | | | J 
a 
CL ete eet 
tp YAR eee te 
| i a ee ae Ps | 
| fede A adeet--b- dtp} ee | 
-| freer ery tT Tee yt 
1.2 1.6 2.0 
Mach Number 


Figure A-20 Variation of Ca, with Zach Nunber for Several 
High Speed Jet Aircraft 
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The equilibrium lift coefficient has a great effect on this derivative. 
The estimated range of values of C, for present and near-future jet 
» 


fighter type aircraft is from-.5 to+ .1, 
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Figure A - 21) Variation of C, with Mach Number for Several 


D 
High Speed Jet Aarcraft 
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For all configurations, rudder effectiveness decreases abruptly in the 

the transonic region. The estimated range of values of C,, for present 
R 

and near-future jet fighter type aircraft is from 0 to -.15. 
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Figure A+-22 Variation of Cas, with Mach Number for Several 
High Speed Jet Aircraft 


Ss 


The equilibrium lift coefficient has a great effect on this derivative. 
The estimated range of values of C, for present and near-future jet 
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fy fighter type aircraft is from - .08 to ¢ .08, 
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Figure A-23 Variation of Cag, with Mach Number for Several 
High Speed Jet Aircraft 


The equilibrium lift coefficient has a great effect on performance, 
especially for the delta wing configuration, but there is an abrupt 
decrease in its effect in the transonic range. The estimated range of 
values of Ci, for present and near-future jet fighter type aircraft is 


from -.30 to +«.06. 
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Figure A-24 Variation of Cty with Mach Number for Several 
High Speed Jet Aircraft 












The equilibrium lift coefficient has a erent effect on this derivative, 

an effect caused by the vertical tail contribution. The estimated range 

of values of ‘ for present and near-future jet fighter type aircraft 
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Figure A-25 Variation of Cl. with Mach Nunber for Several 
High Speed Jet Aircraft 
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Ls foi The trends with Mach Number are seen to be similar to those for C, 1 Pf] 
The estimated range of values of 7 for present and near-future qek , 
+ § i fighter type aircraft is from - aq to -.8. . ane 
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Figure A-26 Variation of C,, with Mach Number for Several 
High Speed Jet Aircraft 
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The equilibrium lift coefficient has a great effect on this derivative. 
The estimated runge of values of Cy, for present and near-future jet 


R 
fighter type aircraft is from -.04 to +¢.04. 





& 





Figure A- 27 Variation of C1, with Mach Number for Several 
R 
High Speed Jet Aircraft 
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There is a considerable decrease in aileron effectiveness in the tran- 
sonic region. Although not indicated in this figure, this decrease is 
more pronounced when aeroelastic effects are taken into account. The 


estimated rangeof values of C,, for present and near-future jet fighter 
A 
type aircraft is from 0 to .30. 
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Figure A-28 Variation of Cie with Mach Numer far Several 


High Speed ya Aircraft 
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VOL. I, 


VOL. I, 


VOL. Ill, 


VOL. IV, 


VOL. V, 


VOL. VI, 


Bureau of Aeronautics 


FLIGHT CONTROL SYSTEM MANUALS 


‘*METHODS OF ANALYSIS AND SYNTHESIS OF PILOTED AIRCRAFT 
FLIGHT CONTROL SYSTEMS” AE-61-1 Navy No. 1 (251 pages, 459 
figures; $4.00) 


Chapters — Fundamental Concepts, Analysis, Synthesis, Optimum Synthesis 
Methods, Non-linearities, Machine Methods, Analog Computer, Mathematical 
Background. 


*“~DYNAMICS OF THE AIRFRAME”’ AE-61-4 II (185 pages, 178 figures; 
$4.25) Addendum to Vol. II (27 figures; $1.50) 


Chapters — Derivation of the Airframe Transfer Functions, Discussion of 
Transfer Functions, Discussion of Stability Derivatives, Methods of Ob- 
taining Stability Derivatives. 


““THE HUMAN PILOT”’ AE-61-4 III (157 pages, 55 figures; $3.50) 


Chapters — Fundamental Aspects — Sensing and Actuating Processes of a 
Human Pilot, Approximate Methods Predicting Responses of a Human Pilot. 


“THE HYDRAULIC SYSTEM’’ AE-61-4 IV (224 pages, 63 figures; $4.25) 


Chapters — General Considerations, Analysis of the Generalized Hydraulic 
Servo Actuator, A Generalized Hydraulic Control System, The Fully 
Powered Hydraulic Control System, The Power Boost Hydraulic Control 
System, Special Considerations in Hydraulic Control System Design and 
Analysis, Component Design Factors, Influence of Servomechanisms on the 
Flutter of Servo-Controlled Aircraft, Methods of Analysis of Servo Flutter 
Interaction. 


“‘THE ARTIFICIAL FEEL SYSTEM” AE-61-4- V (152 pages, 103 figures; 
$3.00) 


Chapters — The Control Feel Problem, Design Procedure, Design Criteria. 


‘AUTOMATIC FLIGHT CONTROL SYSTEMS FOR PILOTED AIRCRAFT’’ 
AE-61-4 VI (339 pages, 138 figures; $6.00) 


Chapters — Automatic Flight Control Systems Past and Present, Components 
of Automatic Flight Control Systems, Design Methods, Systems Engineering 
and Other Design Considerations, Appendix. 


The volumes listed above complete the series of Flight Control System Manuals pres- 
ently available, and are identical in content to the original contract publications. 


To order one or more of these volumes, contact: 


NORAIR, 1001 E. Broadway, Hawthorne, Calif. 
Attn: Dept. 3730 
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